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ABSTRACT

We investigate an infection-age-structured competitive epidemiological model involving multiple strains. While clas-
sical results establish competitive exclusion when a unique maximal basic reproduction number exists, we provide
here a complete characterization of the asymptotic behavior for an arbitrary number of populations without assum-
ing uniqueness of the maximal reproduction number. By means of integrated semigroups theory, persistence results,
and Lyapunov functionals, we establish global asymptotic stability of equilibria and extend previous results obtained
for simpler (ODE) models. A key contribution lies in overcoming technical difficulties related to the definition and
differentiation of Lyapunov functionals, as well as in refining arguments based on the LaSalle invariance principle.

1 | Introduction

In this paper, we focus on the following infection-age-structured competitive model

S'() = A - pugSt) = S1)Y / B(a)x,(t, a)da,
k=10

0xy 0xy ¢ gy =
?(17 a) + E( s a) - _Hk(a)xk(t7 a)7 (1)

x,(1,0) = S(t)’/0 bila)x, (t,a)da

L(S(0),x1(0,.), ..., %,(0,.)) = (Sgs X101 -+ » Xg) € Ry X (L1(0, 00))"

for every (t,a,k) € (IRj‘r)2 X [[1,n]] where n > 1 is the number of infected populations. The case n = 1 was investigated by
Thieme and Castillo-Chavez in Reference [1, 2] with the study of the uniform persistence of the system and the local
asymptotic stability (LAS) of the endemic equilibrium. The analysis was completed by Magal, McCluskey and Webb, who
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established the global asymptotic stability (GAS) of both the disease-free and the endemic equilibria [3]. Using the next
generation operator approach [4] they derive an explicit expression for the basic reproduction number R, and prove that if
R, < 1then the disease-free equilibrium is GAS in the whole space, while if R, > 1 then the unique endemic equilibrium
is GASin the set of initial conditions for which disease transmission occurs, and the disease-free equilibrium is GAS in the
complementary set. Later, the case n > 2 was investigated by Martcheva and Li using a more general model that includes
avaccinated compartment [5]. They derive a basic reproduction number R, for each species k € 1, #]] and prove that if
maX,eqp . {Rox} < 1 then the disease-free equilibrium is GAS in the whole space. Moreover, under the assumption that
there exists j € [1,n] such that R, ; > 1and R, ; > maXycpy .} { Rox} then the endemic equilibrium corresponding to
the survival of the strain j only (i;f #0andi; = 0ifk # j),is GASin the set of initial conditions for which the transmission
of the disease j occurs. This classical result is commonly called the competitive exclusion principle and was postulated
first by Gause in an ecological context [6] and later reinterpreted in an epidemiological context by Bremermann and
Thieme [7]. It states that n competitors cannot coexist on fewer than n resources; hence, if multiple strains circulate in
the population, then only the strain with the largest reproduction number persists, while the strains with suboptimal
reproduction numbers are eliminated. As mentioned by the authors, the case where the maximal reproduction number is
reached for multiple populations is not treated in Reference [5]. For two species (n = 2), this case was partly investigated in
Reference [8] with an attractiveness result for the set composed of all endemic equilibria. In the absence of age-infection
structure, the ODE model has been extensively studied (see [9, 10] for Holling type 2 models or more recently [11] with
infinitely many variants). The asymptotic behavior of the solutions is fully characterized in all cases. Moreover, when the
maximal R, is attained for multiple populations, the equilibrium toward which the solution converges can be explicitly
determined based on the initial condition. This issue, however, remains open in the PDE setting.

The methodology employed in Reference [3] consists first of using integrated semigroup theory (see [12]) to get an appro-
priate framework for the well-posedness of the problem. It allows us to linearize the system around each equilibrium,
obtain linear C,-semigroups, and then use spectral theory to obtain the local stability of the equilibria (see [13, 14]). After-
wards, the study focuses on the semiflow (see [15] for definitions and results) by proving that it is both bounded-dissipative
and asymptotically smooth, which implies the existence of a strong global attractor .4 that is LAS. The last part of the
proof consists of showing that this attractor reduces to some equilibrium by using Lyapunov functionals. The same kind
of arguments are used in Reference [5]. More recently, global stability results were established in an SI epidemiological
PDE model with infection load-structure [16]. This is also done by using Lyapunov functionals; however, contrarily to
[3, 5], the computations are not done on the global attractor but on the omega-limit set for each initial condition. This
method comes at the cost of requiring local asymptotic stability to be established independently.

To reduce the attractor to some equilibrium, we first must check that the Lyapunov candidate function is well defined on
the attractor. This is immediate for the disease-free equilibrium, whereas strong uniform persistence results are necessary
for the endemic equilibrium. In References [3, 5], the weak persistence of the semiflow is readily obtained; then the
uniform weak persistence is deduced from the tools developed in Reference [17] (see also [18]). This ultimately leads to
uniform strong persistence due to the existence of a global attractor [18]. In Reference [16], the author combines the weak
persistence with the fact that the disease-free equilibrium is included in the omega-limit set to claim a contradiction, but
there may be cases where the solution approaches the disease-free equilibrium without converging to it. This proof was
unfortunately reused in Reference [8].

The second point is to compute the derivative of the Lyapunov candidate function. As explained in Reference [3], initial
conditions in some specific domain lead to classical solutions [12] of (1), and the PDE equations can be used to readily
compute the derivative. For other initial conditions, the key argument is the density of the latter domain in the positive
cone of the whole set, as mentioned in Reference [3]. It is also necessary that the semiflow is state-continuous uniformly
in finite time (see [18]), which naturally follows from the Lipschitz property of the non-linearity. For the endemic equilib-
rium, this is even trickier since the sequence of initial conditions obtained by the density argument does not necessarily
satisfy the estimates required for the Lyapunov candidate function to be well-defined. Hence, the construction of an ad
hoc sequence, which both belongs to the domain and satisfies the estimates, is necessary. This is done in the present

paper.

The third and last point is the reduction of the attractor to the equilibrium. In Reference [3], this is done by considering
a point z € A and a complete orbit through z. Using the Lyapunov function and some estimates on the alpha limit set of
the complete orbit, the authors get the result for the disease-free equilibrium when R < 1. For the endemic equilibrium,
the authors combine the fact that the derivative of the Lyapunov function must vanish on the alpha-limit set of z (see
[18]) which actually reduces to the endemic equilibrium (by computing the largest invariant set on which the derivative
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vanishes), with the LAS of the endemic equilibrium to obtain the result when R, > 1. In Reference [16], since the Lya-
punov is computed on the omega-limit set w(x) for the initial condition x, the LaSalle invariance principle does not imply
that the derivative of the Lyapunov function vanishes for each point of w(x) as claimed but only on the omega-limit (and
alpha-limit) sets of each point of w(x) (see [18]). It follows that the endemic equilibrium belongs to w(x) but is not nec-
essarily equal to it. The mistake lies in asserting that, if y € w(x), then w(y) = w(x). A simple counterexample exists with
ODE:s (see [19], Example, p. 224) where w(x) consists of two fixed points plus the orbits joining them, while w(y) reduces
to one of the equilibria, for each y € w(x).

In the present paper, we do not need the LAS of the endemic equilibrium. The argument follows [3, 5] by considering
z € A and a complete orbit through z on which the Lyapunov function is well defined. The LaSalle invariance principle
implies that the derivative of the Lyapunov function vanishes both on the omega and alpha limit sets of z, which then
both reduce to the endemic equilibrium. Using the fact that the Lyapunov function is zero at the endemic equilibrium, it
follows that the Lyapunov function vanishes along the complete orbit; hence, the derivative vanishes for all time, and the
result follows. This point is of particular interest here, since the stability of the endemic equilibrium cannot be established
by linearization when the maximal R is attained for multiple populations.

In the second section, we specify the assumptions and notations, remind some definitions, then state the main result that is
a complete description of the asymptotic behavior for  species in the case where the maximal reproduction number is not
necessarily unique, with global asymptotic stability results of the equilibria, extending the results obtained in Reference
[5]. In the third section we prove the result by induction on #, using the tools described above.

2 | Assumptions and Results

For every k € [[1, n]], we define the function
T lae o ()

describing the survival probability from infection to the infection age a for the population k. We also define the following
quantities

B, := sup(supp(B,)), re = / pu(@)m, (a)da
0

which allows us to define the basic reproduction number associated with the species k as

_ Ary

0k = .
Hs

This number is classically defined as the number of secondary infections resulting from a single primary infection with
strain k into an otherwise susceptible population (see [4, 20-22] for an overview of this topic).

‘We will look at solutions on the Banach space
X =R X (LY0, ))"

which is endowed with the usual norm, while we denote by X, its positive cone. We also define the sets

B
S, 1= {(LS'O,XLO,...,xn’o)GXJr :/ xk’o(s)ds>0}, 0S, =X, \S,, Vkelln].
0

In Table 1, we remind the variables and the parameters used in the model (1).
Assumption 2.1.

1. The constants A and pg are positive. For each k € [1, n] the functions u, and g, belong to L*(0, co) with g, # 0.
Moreover, there exists y, > 0 such that u¢ > p, and such that for each k € [1, n] we have

ula)>p, ae a>0.
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TABLE1 | Variablesand parameters of the model.

S(7) Number of susceptible individuals at time ¢

x,(t,a) density of individuals infected by strain k with age a at time ¢
A recruitment rate

Us natural death rate

Uy mortality rate of infected population with strain k

P transmission rate of strain &

2. For each k € [1, n|] there exists g, € [0, ﬂ_k) such that
ful@) >0 ae. a€lfy B
3. The functions g, are uniformly continuous.
We note that the last assumption is to obtain the compactness of the orbits. We remind (see [3, 8].) that we can define the

linear operator A : D(A) C X — X by
S —ugS

(L[
A x'1 [\ _ H1Xy
0 —x,(0)
X, =x! = p,x,

with D(A) =R X ({0} x W1(0,00))" and X =R X(RXL'0,00))". We define the sets &, = D(A)=RX
({0} x L*(0, 00))* and its positive cone &, = R, x ({0} x L (0, 00))>. Then we define the part of A in X, as

Agx = Ax, Vx € D(A)) :={x € D(A) : Ax € &,}.

We also define the non-linear function F : &; — & by

S A=SYi_ ] Bula)x(a)da

( 0 ) <S /Oooﬂl(a)xl(a)da>
X 0
F . = .
0 S [7 B (@)x,(a)da
X, 0

Finally, we define the nonlinear generator

(A+ F)u= Au+ F(u), Yu € D(A)
and the part of A + F in & as
(A+F)pu=(A+Fu, Vue D(A+ F))) ={ue D(A) : Au+ Fu) € X,}. 2)

We can then rewrite the model (1) in the following abstract Cauchy form (not densely defined):

%(r) = Au(®) + F(u(®)), Vt>0 3)
u(0) = u, € &,.

Under Assumption 2.1, we can state the following properties (see the proof of [8], Proposition 2.1 in the case n = 2):
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Lemma 2.2. Suppose that Assumption 2.1 holds. Then:

1. Ais a Hille-Yosida operator with (—p,, o) C p(A), where p(A) denotes the resolvent set of A and

—n 1
1AL = A Ny £ 57— VA> —py, Vn 2 1.

T (A4 up)
2. Fisalocally Lipschitz continuous function: Vr > 0, 3K, > 0 such that
| F (ug) — Fig)llx < K llug — il »

for every (uy, iiy) € (X, N Bx(0,r))*> where B, (0, r) is the ball centered at 0 € X and radius r.

3. Ais resolvent positive and for every r > 0 there exists K, such that F(uy) + K,u, € X, and A — K, I is resolvent positive
foreveryu, € ;N By(0,r)N&X,.

For the second and third points, the constant K, can be taken as K, :=2rY,, _ Bl -

From the above lemma, we deduce (see [3], Proposition 2.1 in the case n = 1 or [8], Theorem 2.2 for n = 2) the following
result.

Proposition 2.3. Suppose that Assumption 2.1 holds.

1. There exists a unique continuous semiflow {U(?)},5, on X, such that for every u, € X,,, there exist t ., (u;) < oo and
a continuous map U (uy € C([0, t.y), Xp.) Which is a maximal integrated solution of (3), that is,

/ U(s)upds € D(A), Vte[0,1,.,)
0

and . )
U®uy = uy+ A/ U(s)uyds + / FU(s)uyg)ds, Vte[0,1,.,)-
0 0

2. This solution is global in time, that is, t ,,,(u,) = +o0 and it induces a continuous semiflow via
DRy XX, b @2) = (SO, x,(1,.), ..., x, (1) =2 (@5, DL, ..., D")(2).
The semiflow is rewritten using the following Duhamel formulation
_ 1,1 n,1 S 1,2 n2
D,(2) = (0,,(2), ..., D" (2)) + (P (2), ®,(2), ..., ®)*(2)) (4)
with de(z) > 0 for every t > 0 and every z € X . Also for each k € [1, n]], we have

DX (2)(a) = x; o(a — eSO 4 (a)

o “ 5
@[ (2)(a) = DY (2) ( /0 ﬁk<s>d>f_a<z>(s>ds>e-ﬁ 1O o5.0(@)
where z = (S, X1, ..., X, o) and y denotes the characteristic function. Also, for every u, € X,, we have
A ot ot A
U @®ugll < /4_(1 — e7") + |Jup|| ye " < max PR lluglly ¢»  VE>0. (6)
0 0

3. The semiflow ® is bounded-dissipative on X, that is, there exists a bounded set (i.e., By (O, f), the ball of X centered
0

at 0 and radius HA) which attracts every bounded set of X .
0
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4. The semiflow @ is state-continuous uniformly in finite time, that is, for every (t,z) € R, X X, and every € > 0, there
exists 6 > 0 such that

|®,(z) - D, (2)llx <&, V(s.2) €[0,1] X X, such that ||z — 2|y < 6.

5. The semiflow @ is asymptotically smooth, that is, for every non-empty, closed, bounded and positively invariant set
B C X, there exists a compact set K C B such that d(®,(B), K) —— 0 where we defined
1—00

d(®,(B), K) = sup inf ||D,(z) — y||x.
zeB Y€K

Proof.

1. From Lemma 2.2, A is a Hille-Yosida operator, so it generates a locally Lipschitz continuous integrated semigroup
{S4(1)},50 on X (see [23], Theorem 2.4 or [12], Proposition 3.4.3, p. 116). Moreover, Kellermann-Hieber theorem (see
[23] or [12], Theorem 3.6.2, p. 133) implies that for any = > 0 and any f € L'((0, 7), X), the maps ¢ — (SA * f)(t)
are continuously differentiable, where * denotes the convolution product:

t
(Sy* )W) = / Syt =5)f(s)ds
0

and for all ¢ € [0, 7] then
)] <= H%(SA " f)(t)H <ol / 179l < 3,0 sup 79 @)
0 s€[0,t

where 6 ,(f) =t converges to 0 as t - 0. Then Assumption 5.1.2 from Reference [12] applies and, since we proved
that F islocally Lipschitz continuous, [12], Theorem 5.2.7, p. 226 states that there exists a unique maximal integrated
(mild) solution U (.)u, € C([0, t,,,,), Xp) (With 7., < o) of the problem (3) for each initial condition u, € &,,. This
solution satisfies:

U®uy =T, (Dug + d

E(SA # (FoU(up)(1)). (8)

where {T },, is the C;-semigroup on X, generated by A,. Note that the existence of {7, },, on D(A,) comes from
the Hille-Yosida Theorem [12], Lemma 2.4.5 while [12], Lemma 2.2.11 implies that D(A,) = X,,.

Due to the positive properties stated in Lemma 2.2, we deduce by [12], Proposition 5.3.2, p. 227 that for each u, € &),
the solution satisfies U(.)u, € C([0, t,,), X,). This proves the first point.

max

2. Letuy = (85, (0,x14), ..., (0,x,0)) € Xy, and z := (S, x1 9, ..., X, o) € X,. First, the formula (5) are derived for every
t € [0, 1,,4(p)) in [8], Theorem 2.2 by the method of characteristics. Next, we have U(Ju, € C([0, # . (), X5,)-
Denoting U ()u, = (S(?), (0, x,(,.)), ..., (0, x,(t,.))) for every t € [0, 7,,,,(ty)), then the function 7 — S(¢) belongs to
CH([0, tax(Up)), R ) and the S-equation of (1) holds. We deduce that

S(1) < Spe™H! +/ <A - S(S)Z/ooﬁk(a)xk(s,a)da)e—”o(f—x)ds
0 k=170
< Soe_l‘ol + A(l — e_ﬂol‘) _ 2/ S(s)</°oﬁk(a)xk(s’ a)da) e_‘uo(t_s)ds
H k=10 0

0

On the other hand, using (5) we have

o t [+3]
/ xi (. a)da < [lxgoll e +/ St~ a)</ Pi(s)x(t — a, s)d5>€_”°”da_
0 0 0

It follows that (6) holds for every ¢ € [0, t,,,,,(1,)) Whence the solution U(.)u, is global in time (otherwise the norm
should explode at 7, (u,)). We deduce the existence of the continuous semiflow:

®:R, XX, D (z)r (SO, x, (), ....x,(1.) € X,
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with the bijection
Z 1= (Sgs X109 -+ 5 Xp0) € Xy 2 Uy = (Sp, (0, %7 9),...,(0,x,0)) € Xy,

This proves the second point.

. Let B C X, be a bounded subset and let z := (Sy, x; ¢, ..., X, o) € B. From Equation (6), we know that

|®,(2)|lx < A(1 — e M) 4 ||z|| ye M, V> 0.
Ho

It shows that lim D,y < ”A uniformly in z € B. In conclusion, we get
0

d <<I>,(B), By <0, A)) — 0
/,[0 t—o0

. Letuy € X,,. Then U()uy € C(R,, Xy, ). Lett > 0, e > 0 and define

=+

and @ is bounded-dissipative on X, .

A _
r=max{—,||u0||X+s}, 6 =ge K
Ho

where K, is as in Lemma 2.2. Let ii, € X, such that ||u, — i,|| » < 6. We have U(\)i, € C(R,, &,,) and F is Lipschitz
continuous whence F o U (.)u, and F » U (.)ii, belong to L1([0, 1], X). Also we have (U (s)ug, U(s)idy) € (Xy, N Bx(0,r))?
for every s € [0, #] by using (6) and since ||iy||y < 6 + |4yl < r. From Equation (8), we deduce that for every s €
[0,7):
- - d -
U(s)itg — U(s)ug = Ty (s)(fHy — ug) + P (SA # (FoU(iy) — (F e U(.)uo))(s)).

From [12], Lemma 2.2.10, p. 65, we have p(A4,) = p(A) whence Hille-Yosida theorem states that
1T, ($)(@g — up)ll e < e liig — upllp < 6, Vs € [0,1].

Using again Kellermann-Hieber theorem then (7) holds and we deduce that

Uity — U($)upllp < 6+ /OSIIF(U(E)L?O) - FU©uy)llxds, Vs € [0.1].
It follows from Lemma 2.2 that
U ($)itg — U()ugllx <6+ K,/OSIIU(é)ﬁo —U©@ulldé, Vs €[0,1]
which leads, by means of Gronwall’s inequality, to
U (s)iiy — U ($)ugll» < 56X <e, Vs e[0,1]

which proves the point.

. From the decomposition (4), we see that the functionn : R, X R, 3 (t,r) - nre #' € R satisfies:
Vr>0: limnr) =0
t—>+00

and
00, @, ...,y <nt,r), ¥t z) €R, x X, such that ||zl x <r.

Let t > 0 and k € [[1,n]]. We want to show that the operator @f’z : X, - LYR,) is compact. Let BC X, be a

bounded subset and r = sup,.j || z|| x. We use Riez-Frchet-Kolmogorov theorem [24], Theorem X.1, p. 275 to prove
that {de’Z(z), z € B} is relatively compact in L!. First, using (6) we get

sup||d)f’2(z)||L1 < <max{é’r}> < +oo.
zeB Ho
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Secondly, let 2 > 0 then clearly
sup / @ (z)(a)da —— 0.
h h—+o0

zeB

since @f’z(z)(a) = 0 for a > ¢. Thirdly, let 4 > 0 such that t — & > 0. Let us define

Bi(s) = ®¥(2)(0) = ®3(2) / ooﬁk(a)(Df(z)(a)da, Y(z,5) € BXR,
0

whence
@4 (2)(a) = Bi(s — a)m (@) y0.(@),  V(z,5,a) € BX[0,1] X R,.

Using (6) we have
2
A
B (s) < 1Byl p (max{ﬂ—,r}) =:¢, V(z,s)EBXR,

0

and with the S-equation of (1) we get

dq)S(Z) 2 n
<A max{A,r} + (max{ﬁ,r» SUB I =t e Viz.5) € BXR,
Ho Ho =1
leading to
|5, (2) - ®5(2)| < b, V(z,5) € BXR,.
We remark that

Bi(s) = ®%(2) / B (@)Bi(s — aye o "% g g 1+ @5 (z) / Bla+ 5)®L(z)(@)e e 1O gq
0 0
for every (z,s) € Bx R, whence

| Bi(s + h) — B;(s)| < c3(h) + || By |l .~ max { ”A,r}/ |Bi(s + h—a)— B (s—a)|lda, ¥(z,5) € BXR,
0 0
where

ey(h) i= rmax{f,r} (clhllﬂknm +suplf(a+h) = f@] +1 - e—’l”"k“LW)||/3k||Lw>

0

€1
+n||fll | — + 1
Ho

with ¢;(h) . 0 uniformly in z € Bsince f, is uniformly continuous by Assumption 2.1. From Gronwall’s inequal-
ity, we deduce that

| Bi(s + h) — Bi(s)| < c3(h) exp<r(t + h) X max { MA’ r}) =c,(h), V(z,s) € Bx[0,1].
0

Thus, it follows:

t—h

/ |®(2)(a + h) — @ (z)(a)|da < / | B:(t — (a + h)) — B(t — a))|m(a + h)da
R —h

0

t—h t
+ / B/(t — a)|mi(a+ h) — m(a)|da + / B/(t — a)m (a)da + / B/(t — a)m (a)da
_ t—h

h —h

whence -
/ |®52(2)(a + h) — ®F*(2)(a)|da < tey(h) + te, (1 — e Milli=y 4 2 —0
0 —>
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uniformly in z € B. It follows that the operator ch’z is compact for each 7> 0. In conclusion the operator
(d)f ,d),l’z, ,<I>:”2) is compact since the range of <1>;9 is finite dimensional. It proves the relative compactness of
the positive orbits by using [14], Proposition 3.13, p. 100, for each z € X, and also that the semiflow {®,},., is
asymptotically smooth (see [15], Lemma 3.2.6, p. 38 or [18], Theorem 2.46, p. 51). O

Corollary 2.4. Suppose that Assumption 2.1 holds. There exists a strong global attractor A C X, that is, A is a
non-empty, compact, and invariant subset that attracts every bounded subset of X . This attractor satisfies A C By (0, MA)
which is the ball centered at 0 € X with radius . The set A is locally asymptotically stable (LAS), that is, for every neigh-

H
borhood V of A, there exists a neighborhood W cy of A such that ®,(W) C V for every t > 0 and there exists moreover a
neighborhood V of A such that A attracts V. Finally, the following holds:

deg>0:V(Sy, x19,--5%,0) € A, AZSOZCS. 9)
' ' H

0
A

y .
Hg + M—OZZ:lIIﬂkIILw

The constant cg can be taken as cg =

Proof.  First, we see that orbits of bounded sets are bounded since
A

|P, ()l x < max 4 [|z]lx, | V>0
0

by using (6). Using [18], Theorem 2.33, p. 43 (see also [15], Theorem 3.4.6, p. 39), we deduce that there exists a strong
global attractor .A C X, . This attractor A is locally asymptotically stable according to [15], Theorem 3.4.2, p. 39 or [18],
Theorem 2.39 p. 47. Moreover, since @ is bounded dissipative by Proposition 2.3 and since A is compact and invariant

then for every ¢ > 0:
Ho Ho Undl

For the last point, let z := (S, x, 9, ..., X,,) € A. By invariance of A there exists a complete orbit {¢(#),t € R} C A
through z, that satisfies ||¢p(?)|| y < ;% for every t € R. From Equation (1), we get

whence A C By (0, MA)

0

Ao} (¢(s))
— >

A v .
- A- <MS + H—Z||ﬂk||m>d>f(¢(s)>, V(1,5) € R% X R

0 k=1

leading for every (t,s) € R, X R to

A 1— e_(ﬂS"'%ZZ:]”ﬂk“Loo)t) A i

D5 (¢(s)) > =
t = A N A
Hs + M—Ozzzlllﬂkllm oo Us + ;TOZLIH‘B’(”L‘”

Cs.
Let £ > 0 then there exists * > 0 such that for every ¢ > * we have (I)f (¢(s)) = cg — e for every s € R. Taking s = —t leads
to S, > ¢y — € for any £ > 0, whence (9) holds. ]

Asitis proved in [8], Proposition 4.4.4 in the case n = 2, we know that for each k € [1, n], the sets S, and 0, are positively
invariant. Also, we see that if z € S, then

IPF D, < IXoxll@ye ™ I1Bx @ =0 V>0 (10)
which reduces the problem to the n — 1 populations model. Without loss of generality, we may assume that
Ro12 Rop 22 Ry, (11)
We define now the following indexing:

o, =0, o =max{j € [L,n] : Ry; =Ry14,,  } Vk € [1,ng]
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where ny € [1,n] is the number of different reproduction numbers and satisfies 6, = n. For example, if n = 1 or if all
reproduction numbers are equal, then n, = 1; while in the case where each reproduction number is different, then ny, = n.
We denote by n, € [0, ng]] the number of different reproduction numbers that are bigger than one, which is such that

Ry >1, Vk e [Lo,].

With these notations, we can describe the different equilibria. First, there is the disease-free equilibrium:

« A
EO = (SO’O(Ll(R+))”> = <£,0,,0> S X+

which always exist. Second, if n, > 1 then for each k € [[1, .| the following set of equilibria exists:

Ok
&= {E;‘lka D (ay, ..., a,) €[0,1]", Z a;=1a;=0Vj € [[1,04,_41] U [1+ 0,1 } (12)
J=l40;4
where
x,k _ * *
Eal,...,an - (S:k’ xl,al’ B xn,an)’
* o =
[ ro'k ’
usRg; — 1) )
xj.‘,a/(a) = r—jajlrj(a), V(j,a) € [1,n] XR,.

J

We can note that if for some k we have o, =1+ 0;_, (e.g., if n = 1), then & is reduced to a single equilibrium (otherwise
there are an infinite number of equilibria). Following the classical notations (see [15]), we denote for z € X:

72 ={®,2). 120}, @) =[){®x). r>7]

>0

respectively the positive orbit starting from z and the w-limit set of z. Also, let a function ¢ : (—o0,0] — X such that
¢(0) = z and for any s < 0, ®,(¢(s)) = ¢(t + 5) for each 0 <t < —s, then the set {¢(s), s < 0} is called a negative orbit
through z, denoted by y~(z). Similarly, for a function ¢ : R — X such that ¢(0) = zandforeach s € R, ®,(¢(s)) = ¢(t + s)
for every ¢t > 0, then the set {¢(s), s € R} is called a complete orbit through z, denoted by y(z). We define the set

H(t,z) = {y € X : there is a negative orbit through z defined by ¢ : (—0,0] — X, ¢(0) = z and ¢(—1) = y}

and the a-limit set of z as
a(z) = ﬂ (H(t,z), t > 7).

>0

For a given complete orbit y(z) = {¢(s), s € R}, we define the a-limit set of the orbit similarly as

a(p) = a(y(2)) = [ {d(-0),1 > 7}.

>0
Furthermore, we define the sets
ro=JHt2, T@=I"(2Uur@)

>0

that contain respectively all negative and complete orbits through z. To obtain results about the asymptotic behavior of
the solutions, we will make use of Lyapunov functionals. To this end, we define the following key function

g:RIdxPpx-In(x)-1€R,

and for each k € [[1, n]] we define the function ¥, € L(0, o0) by

Y@=+ / Bi(s)e™ a4 g,
kJa
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We now define for every z := (Sp, x4, ..., X, o) the functional

S, 5[
Ly:zm S§g<S—2> + Z/ Y (@)x; o(@)da (13)
0 k=170

and for each k € [[1, ng]] we define the functional

S, - x;o(a)
Sf ) + Z‘{ /0 ¥ (a)x; o(a)da + z / (1= n)¥ )], (a)g(xfso @)da (14)
[ Jj= \;

1 if j € [1,041] U [1+ 0y, n] orife; =0
7], =
! 0 else.

Ntop_go %o, *
L, 1z Sgkg

where

Under these assumptions, we can state the main result of the paper.

Theorem 2.5. Suppose that (11) and Assumption 2.1 hold.

1. The disease-free equilibrium E is GAS on X if n, =0and in (n o 10S;) otherwise. Moreover, let K C (n o 10S;) bea
compact invariant, then the functional L, deﬁned by(13)isa Lyapunov functlonal on every complete orblt y(z) for any
z € K.

2. Forevery k € [1,n.]|, the set £ is GAS in (n"k 10S;)N (%
[1+0,_1,04], the set ofequlllbrla

Sito, 5 ). More precisely: For each non-empty subset J C

&5 .—{E*k = (S X, Xp, )EE Ty =0V € [Ln] \ T} (15)

..... 4 lal

is GAS in (na" 10S;)N(U;esS)N (Njefi+o,_.0\T95))- Also, let K be a compact invariant such that K C (n“k 10S;)N

(NjegS) N (Njefiso,_ .0 \g9S;) then the functional L, ooy defined by (14), where (ay, ...,a,) is such that

E;‘l" o € &, ;»isa Lyapunov functional on every complete orbit y(z) forany z € K.

Beyond its theoretical significance, this theorem has several biological implications:

- astrain k that has a basic reproduction number smaller than or equal to one, that is R, <1, will disappear.
- astrain k that is too old to ever reproduce, that is z € 0S,, will disappear.

- astrain k with a basic reproduction number bigger than one and young enough to reproduce, that is R, > 1 and
z € S, will persist asymptotically if and only if there exists no strain j young enough to reproduce and with bigger
basic reproduction number, thatis z € S; and R, ; > R -

The last point is mainly a competitive exclusion principle, but where multiple populations can survive provided that they
share the same largest basic reproduction number and that they are all young enough to reproduce.

3 | Proof of the Global Stability

In this section we prove Theorem 2.5 by induction on » > 1. The initialization is clear since it is handled in Reference [3].
Let n > 2, and we suppose that the statements of Theorem 2.5 are true for n — 1 (in other words, for the system (1) with
only n — 1 infected populations, the asymptotic behavior is known for every case). We will prove that the statements are
still true for n.

If z € 05, then ®,(z) € 05, by invariance of 95, and from Equation (10) it is clear that [|x;(#, )|l 1w, = 0 When — co.
Consequently, the model (1) is reduced to n — 1 populations (which are [2, #]]), and by the recurrence hypothesis we get

the first item when n, # 0, and the second item is also true for every k € [2,n.].

In all that follows, we assume that (11) and Assumption 2.1 hold. We start with the following lemmas.
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Lemma 3.1. Letv € A, then the function t — Ly(®,(v)) is well-defined on R, and for every t > 0 it satisfies

dLy(®@,0) _ (A —us® @) (ROk—1> /oo .
=- E— ) da. 16
dt s @ (0) +kz=; Ik 0 Pl@)®; w)ayda (16)

In particular L is a Lyapunov functional on A N (ﬂ > 0S; )

Proof. Using (9) implies that L, (®,(v)) is well-defined on R,. Let v :=(S,, X1gs--sX,0) €A and D=
(805 (0,x19),...,(0,x,0) € X,. If T € D(A+ F)y) N Xy, (we remind the definition (2)) then using [12], Theorem
5.6.6, p. 242 we may compute the derivative of the functiont — Lj(®,(v)) according to ¢ since <I>f (v) belongs to W1(0, c0)
for each r > 0 and every k € [[1, n]]. Similar computations to [8], Proposition 5.3.1 lead, for every ¢ > 0, to (16), which can
be rewritten in the following form for every ¢ > 0

(A= ps@W) L (Roe =1\ [
Ly(®,(v)) = Ly(v) — / ————dé+ <_> / / (@)@ (v)(a)dadé. 17)
0 ﬂsq)§ (v) =1 ry o Jo

If0 ¢ D((A+ F)y) N X,, then we let t > 0 and we use the density of D((A + F),) N X, into X, (see [12], Lemma 5.6.7,
p. 243) to compute the derivative of the function L, along the solution of (1) for the initial condition v. Thus, we can
assert that

3 (@")pen C (DAA+ Flo) X )" 2 0™ = Blly ——0

where 7" = (S(”‘) (0, (1”3) ,(0, x('"))) € D((A + F))) N X,,. Denoting o™ = (S, (1”3 " ('")) € X, and using
Proposition 2.3 (4), we see that this sequence satisfies
sup [|@ (™) — D (v)]l —’0
s€(0,7]
Let € > 0 be small enough and m, € N such that
16~ Bllx < e, sup |1 W™ =@y <&, Vm2m,. (18)

s€[0,1]

Using (9) we get Sé’") > cg — & > 0foreach m > m, so it is clear that the function s > Ly(®,(v™)) is well-defined on [0, 7]
and its derivative can be computed as for (16) leading to

s(A— MS‘I’S(U("')))2 R
Ly(@ (™)) = L “’”—/ : §<°" )// @ (v"™)(a)dad
o(@, (™)) = Ly (™) | PR 1 Pi(@)® (" )a)dad¢

for every s € [0, t] and every m > m,. The goal is to show that

Lo(®,(v)) = Lo(v) - /0 % Z(R‘”‘ ) / / @)@k (v)(a)dadé. (19)
For this, we compute for every s € [0, ]
(A — usd>5<v<m>))2 "
Lo(®,(1)) — Lo(v) + /0 PR - Z( ) / / (@)@ ("™ )(@)dad¢
(A= ps @I (A= pus®iW™))?

< |Lo(@,0) = Lo(@,w™)| + 5% Sup
€10,s

MSCD?(U) MS‘I)?(U('"))

" Ror—1
+ |L0(U) - LO(U(m))| + Z —— |s X || fll z~ Sup ||q>’g(u) - q)lg(u(m))”
k=1 Tk £el0.s]
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4
Ho
(I>f V'™) € [cg — &, ”A + ] for each s € [0,7] and every m > m,. It shows both that

() (™)
S*g S : _ S*g N ~
’ ( SO ) ’ < SO

(A= pus @) (A= us®; (™))

) Hs®5 ()

Since A is invariant then by using (9) we get @f (v) € [cg, =] for each s € [0, ¢] and from Equation (18) we deduce that

S S
< ’de(v)—CIDf(v(’"))’x <1+ 0 >§e<1+ 0 > ‘= Ky (e)
: : —€ cg— €

Cs

and that

§X sup
£€[0,s]

2
<A+;4S<A +£>)
<te L(ZAMS+M§<A +6>> + Ho 1= Ky(e)

- us(cs —€) Ho csles —¢€)

Using again (18), we have, for every s € [0, 7] and every m > m, on one hand that

Z/w‘l‘kd)’;(u)(a)da— Z/w‘l’kd)’;(u(m))(a)da
k=170 k=170

n

< DNl e 195 ™) = DE @) 11
k=1

< 5Z||‘Pk||L°° 1= K3(€)

k=1

leading to
|Lo(@,(0)) = Lo(@, (0| + |Lo®) = Lo@™)| < 20, (€) + x3(6))

and on the other hand, that

“ Rok - 1) “ Rok -
- s X 1Bl Lo sUp || @%(v) — DE@™)|| < & <
> (= (e 0P 19%0) - @ Y

k=1 k k=1 Pk

1
>t>< 1Bl e == Ky4(e).

Since k. (€) - 0 for each k € [1,4] then clearly (19) is proved for each s € [0, ¢] whence (17) and consequently (16)
hold for every v € A. Finally, ifv € AN (ﬂ;’;asj), it is clear that w < 0foreveryt > 0, hence L, is a Lyapunov
functional on A N (ﬂj“;lasj). o

O,

Lemma3.2. Letve AN <ﬂj"=>16$j> andy(v) :={y(@),t € R} c I'(v) C A be a complete orbit through v. If L, is con-

stant on y(v) then y(v) = { E,}. In particular,v = { E,}.

Proof.  Letv :=(Sp, X1 9,....X,0) €EAN (ﬂ;’:lasj> and y(v) := {y(1),r € R} cI'(v) C A be a complete orbit through

v. Suppose that L, is constant on y(v). It implies that
%LO((DI(I//(S))) =0, ¥(t.5)€R:xR.

From Equation (16), we get <I>;9 (w(s)) = S for every (¢, s) € R, X R (in particular S, = ;). Using the S-equation of (1),
we deduce that

/ ﬂk(a)d)f(u/(s))(a)da =0, VY(,5.k) €R,XRxX[1,n].
0
With (5) (second equation) we get

Oy (s)(@) =0, V(t,s5,0) € R, xRX[0,1].

We remark that
Dy (s))(a) = DF (w(s—a)(a) =0, V(i,s,a) € R, X RX[t,+00)

so it follows that x, , = 0 for every k € [1,n]], whence v = { E;} and result is proved. O
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31 | CaseRy; <1

We suppose here that n, = 0 which is equivalent to R, < 1foreach k € [[1, n[]. We now show that A = {E,,}. Let z € A.
By invariance of A there exists a complete orbit y(z) = {¢(s), s € R} € A through z. From Lemma 3.1, we know that
Ly(¢(1)) is well-defined for each t € R. Also the Equation (16) is satisfied for every v € y(z). The fact that R, <1 for
each k € [[1,n] implies that L, is a Lyapunov function on A (and in particular on y(z)). Using [18], Proposition 2.51
p. 53 we deduce that L is constant on a(¢) and on w(z). Since y(z) C A which is compact, then y~(z) := {¢(s),s <0} is
relatively compact on X and non empty. From [18], Theorem 2.48, p. 52, the alpha-limit set a(¢) is nonempty, compact,
invariant, connected and lim, ,__ d(¢(z), a(¢)) = 0. Since L, is constant on a(¢) then it is constant on every complete
orbit y(v) C a(¢) and by Lemma 3.2 we get a(¢) = { E, }. It follows that

lim_d(¢(s), (Eg}) = 0.

Using the facts that Ly(E,) = 0 and that L, is a Lyapunov function on y(z), then we necessarily get L,(¢(s)) = 0 for
every s € R. Finally {¢(s),s € R} cI'(z) C A is a complete orbit through z € A on which L, is constant. Using again
Lemma 3.2, we get z = { E;,}. In conclusion, A = { E;} which is GAS on X, and the first item is proved.

32 | CaseRy;>1

In this section, we suppose that n, > 1. It remains to prove the second item for k = 1. We first recall the definitions of the
different notions of persistence.

Definition 3.3 ([18], Def 3.1 p.61). Letp : X, — R, be a continuous function non identically zero. The semiflow
D is:

1. weakly p-persistent if
Vxe X :p(x)>0, limsupp(d,(x)) >0,

t—>+oc0

2. (strongly) p-persistent if
Vxe X : p(x)>0, litm+inf p(P,(x)) > 0,

3. uniformly weakly p-persistent if 3 € > 0:

Vxe X :p(x)>0, limsupp(d,(x)) > e,

=+

4. uniformly (strongly) p-persistent if 3 £ > 0:

Vx € X : p(x) >0, litm+infp(<1>,(x)) > €.

3.21 | Existence of a Global Attractor
We start with the following lemma.

Lemma 3.4. Supposethatn, >2andletk € [2,n,]. Let J C [1 + 6,_1,0,]] with J # @. Let

Ok-1
ze(ﬂasj)n(ﬂ S,)n( ﬂ asj>
Jj=1 JjeJ Jj€1+oi 1.0 \T

r(z) = {g®. 1t € R} C <ﬂ05j>”<ﬂ51>“( ﬂ asj)
j=1 jed j€M+o,1.0\T
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be a complete orbit through z. Let (o, to, 0% ) € [0, 1]°~%-1 such that Z
M+o 1o ]\T - Let J*={j€T : a; > 0} Then

1t % =1 and with a; = 0 for every j €

......

1. The functional LZ““H
R% X y(z) we have:

°* defined by (14) is a Lyapunov functional on the complete orbit y(z) and for each (1,v) €

AL (@, (0)) w0 @] (v)(a) [y~ B ()X’ (s)ds
- == / B@x, (a)g
di & "o M @ ﬂ(s)@f(uxs)ds
@/ 187 )da- L5 (@5w)- S )2 20
-17" |g<¢s()> ,m/ p;(a) (v)(a)(/ ) q>§<u>( ORI (20)

1+n‘k 1°

2. Suppose that J* = J, that is for each j € J we have a; > 0. Suppose also that L,
y(v)yCc & (whlch is defined by (15)). In particular v e 8*

“* is constant on y(z). Then

Proof.

1. First, we suppose that the assumptions of the lemma hold and let v := (SO, Xy, 0 ,xn,O) € y(z). Since y(z) C 0S;
then /"W, (a)x, o(a)da = 0 and x, , = 0. It follows that LZ“"’H o (p) = ”“" 1%k (5) for § t= (g X205 -+ » Xp0)

where
P % SO n oo
L, ) = Sgkg S + Z ;¥ (a)x;o(a)da
o j=2 0
n [e%) X 0(0)
+ A —n)¥;(@)x", (@g| = da
122,/()‘ J7 J>a; xj’a/(a)
and with

1 if j € 2,041 U [1+ 0y, n] orifa; =0
]/I. =
/ 0 else.

We define @ : (¢, 9) — (@f (v), th(v), ..., ®7(v)) that is the solution of the reduced problem (1) with the infected
populations j € [2,n] and initial condition &. By the recurrence hypothesis, the function

tes L, (@(0))
is well-defined on R, continuous and satisfy

dLZH(’/H o (@, (U)) @’ (U)(a)fo (s)x (s)ds

- S*/ B(a)x’  (a)g da
dt ,eza: o T X @fy ﬂj(s)obi(ﬁ)(s)ds
( :
—1T"g| ——
& (

) / B; (a)fbj(v)(a)(— =S, )d -8
0)) =+, &/ ( D) ’

AL — L )> 0 forevery j € [1+0,,n]. It naturally follows

. . epe . 1 1 1
which is non-positive since = - S* = - — — =
r [ r; r s Ro,/ Ro.uk

j k j o)

that the first point is true.

2. Step 1. First we know that <Dj(¢(s))(a) =0 for every j € [1,0,_;]] U([1+ 64_1,0,] \ J) and every (s, 1, a) eR x

(R, )?* since y(z) C (ﬂ”" 19S5, ) (ﬂ jelitorod\g 05 j> and in particular x; , = 0. Suppose now that L, B MR
constant on y(v). It implies that
%LZ”’H """" F(D,(Pp(s) =0, Vt>0, VseR.
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From Equation (20), we get CIDf (P(s)) = S:k for every (f,s) € R, X R (in particular S, = S;k). Using (20) and
Assumption 2.1, we deduce that

VG.H e J*XR,, F¢()>0: @{((b(s))(a) = cj(t)xj’aj(a), VseRae ae [ﬂ-,ﬂ_j).
Let (j,s,a) € T* X R X [f,;, ﬂ_j). Using the fact that y(z) is a complete orbit, we have

cj(t)x;aj (a) = d){(d)(s))(a) = @;(d)(s +t—-1D)(a) = cj(f)x;aj (@), V@t,DeR,)’aeac [E, ﬂ_j).
whence ¢; does not depend on 7 and we have

VieJ*, 3¢ >0: @(p$))a)=c;x}, (@), V(s.) ERXR, ae a€cl[p,p).

7

From Equation (5) and from the latter equation with t = a we see that
¢;x;,, (@) = DUP())(@) = PUM(NEe 1, e €[0,a]

and
PLUHNE) = PPN @e D = x5 (@ MIE = x5 ©), Ve a.

These two equations lead to
V(,s,a) e T*XRXR, : <D£(¢(s))(a) =c.x* (a).

J J.a;

Let ¢ > 0. Since y(z) is a complete orbit then we have

@ (P(5))(a) = DL (Pt + 5 — @))(a) = ¢;x* (a) = x*__(a)

7 Jcja;

and this latter formula is true for every (j, s,z,a) € J* X R X (R +)2. In particular x 0= xjc " for each j € J*. Now
’ €
let j € 1+ o, n]. From Equation (20), we get

/ P, (@)@ (¢(s))(a)da = 0
0
for every (s,1) € R x R, , whence CI){(Q')(S))(a) =0ae.a€el[p, ﬁ_j). As before, letting r = a and using (5) we get

0 = @/ (p(s))(@) = PL(p(s)Ee 1P ve e 0.a]

and

DUPH)E) = D (p(s)(@e kP =0, VE>a
whence (I){l(d)(s))(a) = 0forevery (j,a,s) € [1+ o, n] xR, X R. Lett > 0, since y(z) is a complete orbit then
@ (p(s))(@) = PPt + 5 — a))(a) = 0

and this latter formula is true for every (j, s,7,a) € [[1 + o;,n]] X R X (R,)?*. In particular x 0=0.

Step 2. By the first step, looking at the S-equation of (1), we get

> / Biax',  (@da= ) [ p(a)®/($(s)(a)da= 8 g =us(Ro—1), V(t,5) €REXR
jeg* 0 I j 0

%
eJ* So'k

which is equivalent to

Z chS(RO,j - 1)0“] = #S(Ro,k -1
JET*

16
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butsince R, ; = R for every j € J* then we get the condition

chaj =1

JET*

which implies ¢(t) € &

g = 8; 7 for every t € R and this ends the proof. m]

Now we prove that ® has a global attractor A, C A in U] | S,. We proceed in several stages. Let p : X, — R, be the
function defined by:
o, E
p(z) = Z/ X o(s)ds
k=170

for every z = (Sp, x; 9, ..., X, o) € X,. Let the subsets

Sy=lze X, :p>01=JS. 9S,=(ze€X, :pi) =0}=[)oS.
k=1 k=1

‘We also define the set

Q= U w(z) = {Ey} U <U€k>
k=2

ZE0S,

by the recurrence hypothesis. We have the following properties:

1. The set { £y} and each subset & (k € [2,n.]) are invariant and disjoints. Also, { E,} is clearly compact while & is
compact as the image of the compact set

3
{@n...q) €101 Y a;=La;=0Vj€ Loy U[1+0.n])
J=1404,

by the continuous function
s,k
(a17 ey an) g Eal,‘.. a

“n

2. (i) Let € > 0 such that
<A—£>r1>1 (21)
Hs

Following the proof of [8], Proposition 4.4.8. (a), we show that
VzEM, :={2€ Sy, |Iz-Eylly <€}, 3Ft>0:||D(2)— Eplly > ¢ (22)

which implies that
{ze X,,p(z)>0: tligrn D,z)=E;} =0

meaning that the semiflow ® is weakly persistent (we note that in Reference [8], the Equation (22) was proved for
z in the intersection, but the same proof works for the reunion). Indeed, suppose by contradiction that there exists
z 1= (8g, X105 -+ » X 0) € Sp such that

|®,(z) — Epllxy <&, V>0

then

D5 (z) > A —&, Vt>0.
Hs

Let j € [[1,0,] such that z € S, then by continuity arguments there exists ¢ € (8;, o) such that

<A _ g>/cﬂj(a)7rj(a)da > 1.
Hs 0
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Also, using [8], Proposition 4.4.4 we know that there exists > 0 such that

/ p,(@)®!(z)(@)da > 0
0
for every t > 7. Thus we arrive at

oD 0’ j
,((;)(a) + ta(z)(a) = _Mj(a)(l)i(z)(a)’

@/ (2)(0) > (A - s) / cﬁj(a)ob{(z)(a)da
Hs 0

for every t > 7 > 7. It follows that @;(z) [S LL(O, ¢)\{0} since

®L(z2)(a) = ( / ﬂ,(:)@j;_a(zx:)de:)e-fo”w<f>ds >0, Va € [0,7 - 7]
0
and then lim,_, foccbf (z)(a)da = o (see, e.g., [8], Lemma 4.3) by using the comparison theorem [25], Proposition

5.2 which is absurd, hence (22) is true.

(ii) Now, let k € [2, n.[] (hence we suppose that n, > 2). Let £ > 0 such that
1
(— - £>r1 > 1. (23)
-
Ok

Vze M :={Z€ S, |IZ-&ly <e}, T1>0: [|Di(2) — Ely > e. (24)

As the first point, we can prove that

Indeed, suppose by contradiction that there exists z := (S, x; 9, ..., X, o) € S, such that

®3(2)2 S, —e= 2 —e Vi 20,

Ok

Let j € [[1,0,] such that z € S; then by continuity arguments (since r; = r; because R ; = R, ;) there exists ¢ €

(B;, ) such that
<l - g>/cﬁj(a)7rj(a)da >1
Ty 0

and the same arguments as before lead to lim,_, foctbf (z)(a)da = oo which is absurd, hence (24) is true.

. (i) We prove that { E,} is isolated, that is, the maximal compact invariant set of a neighborhood of itself (this neigh-

borhood being called an isolating neighborhood). Indeed, let £ > 0 be small enough such that (21) is true then
following the arguments of [3], Proposition 2.4 (see also [17]), we can prove that the ball centered at E,, and radius
€, denoted by By (E,, €), is an isolating neighborhood of E,. To prove it we let K C By (E,, €) be a compact invariant
subset of By (E,,¢) and let z € K. We need to prove that K = { E,}. If z € M, then clearly, from Equation (22), it
follows that K is not invariant, whence z ¢ M,, that is, z € 95,. First, we prove that

Kc (] oS (25)
ke[lo,

If n, = 1, then (25) is true by definition of 05,. Suppose now that n, > 2, that z € Uyg14, 5, Sk and also that

. 1 A 1
£<S0— max — r=—|1-——|.
kelLo, I | o Hs ker[fll,l2> ; {Rog,}

18
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Let k =min{j € [2,n,] : 2 € Uycprss_, S, }- By invariance of K and since z € S5, C 05, then denoting z =
(Sgs X105 -+ » X, 0) We necessarily have x,, =0 and ®(z) =0 for every ¢ > 0. It follows that the function 7 —
((DS (2), QJZ(z) ., ®7(2)) is solution of the reduced problem (1) with the infected populations k € [2, n]] By recur-
rence hypothes1s we deduce that @ (z)—> & hence <1>5 (2) — r— This is absurd since S; — r— > ¢ (thus
D,(z) € By (E,,€) for t large enough and consequently K is not 1nvar1ant) It follows that (25) is true. ‘

Since K is invariant, there exists a complete orbit y(z) = {¢(?),t € R} through z. Using Lemma 3.1 and (25) we
deduce that L, is a Lyapunov functional on y(z). As in the case R, ; < 1 we deduce first that L is constant on a(¢)
and by using Lemma 3.2 that a(¢) = { E, }. Secondly, we deduce that L, is constant on y(z) which leads to z = { E,}
by Lemma 3.2. Finally K = { E,,} and is isolated.

(ii) Suppose that n, > 2 and let k € [2, .. We prove that &; is isolated. Let € > 0 be small enough such that (23) is

satisfied and such that
Sy — 1 > g, min > €
Fr jeln ]\ 1k}

Let K C By (&, €) be a compact invariant subsetandlet z € K. If z € M’; then from Equation (24) it follows that K
is not invariant, whence z & M’E‘, thatis, z € 95,,.

zZ€E <6ﬁasj> N < Ej Sj>. (26)
Jj=1 Jj=l40;_4

1S, then by recurrence hypothesis we would have ®,(z) — 8* for

1 1

rj Iy

Step 1. We prove that

We already know that z € 9S,.If z € U je[l1+z71 -
a j* € [2,k —1]. Thus (DS(z) - r— which is absurd since |— - —| > &. Suppose now that z € njeﬂmk o955

then either ®,(z) . 8* for j e []k + 1, n ]| which is absurd with the arguments above, or ®,(z) — E, which

implies d)f (2) t—» S(’)‘ and this is also absurd since S; — = > &. It follows that (26) is satisfied.
—00 T

Step 2. Let J C [[1 + o_;, o] be the (non-empty) subset such that

ze (ﬂ sj> n< N asj>.
Je€J j€ll+oy_1.0\T

Since K is invariant, there exists a complete orbit y(z) = {¢(¢),t € R} through z. Still by invariance we have

(1) € NjesS; and (1) € NjefLo, ng9S; foreveryt € R. Let(a1+6 RPN ) € [0, 1]°~%-1 such that Z/ 14, & = 1,

with a; —Oforeveryje [[1+crk 10kl \ J and with «; >0foreveryje.](eg a; —meYJEJ) Weknowby

Lemma 3.4 that L k””* 1% defined by (14) is a Lyapunov functional on y(z). A consequence of [18], Proposition
2.51, p. 53 is that La””"“"”’a"k is constant on a(¢) and on w(z). Following the arguments used in the case R; <1

we deduce that a(¢) is nonempty, compact, invariant and lim,_,_, d(¢(1), a(¢)) = O Since L, Ao s constant
on every complete orbit y(v) C a(¢) then we can use Lemma 3.4 to obtain a(¢) C &€ Slmllarly we get w(z) C &
and then “J

121_130 d(®), & ;) = tl}frlgo d(@®),& ;) =0
Step 3. We prove now that there exists (Ej;"_ s E;}k.“,a; ) € (&; ;)* such that:

(27)

15050y

lim ¢(r) = E¥* lim ¢(t) = EX*
t—>—00 1reeotn t—=+o0 .

Suppose by contradiction that there exist (E:f,k.- *k T,) € (a(¢))* such that(zy, ..., 7,) # (r{, s T:, ). By definition

ofé‘,fjwe have o
T-=TJ,.=0 Vjie [1,n]\J

J

thus, we arrive at the assumption

I I
(Tl+6k_1’ ,Tgk) * (T1+Gk_1’ ,Tgk).
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Firstly we prove that for every j € J we have 7, =0 & r’ =0. By contradiction suppose that there exists j € J
such that 7; =0 and rj # 0. Then we use the functional L S % Jefined by (14) where a; =1 and «; = 0 for

every s € []1 +04_1,04] \ {/}. Using Lemma 3.4, this is a Lyapunov functional on y(z), and as explained in Step 2,
it should be constant on a(¢), implying that

La1+0'k71"“’alfk E*'k —_ Lal"‘o'k,l"“’ao'k E*’k
k TiyeenTy )k / /
ToeeesTh TheeT)

since (E* k k T,) € (a(¢))?. On the other hand, we have

LZH"H ""(E*k )—/ ‘I‘j(a);:—S(Ro,j—l)zj(a)g(rj)da+ Z / lI‘(a)x (a)da—
0 j

seJ\{Jj

and

Xtop_q 2%y *, ® H
L, (ET{!"_”’T;)=/O le(a)r—f(Rw )7r(a)g(r)da+ Z / ¥ (a)x], s(@da < o
J

seI\{Jj

which is absurd (the same proof works for z; # 0 and rj’. =0).

Secondly we prove that for every j € J we have z; = Tj’.. For this, we decompose the set J as J =J_UJ, U J.
where

J={jed: :t =11} J>:={jejzrj>rjf}, J<:={jej:rj<rj’,}.

J
We see that
JI#T., I #+#J, T #T., T #8, T . #0

since (zy, ..., 7,) # (7],..., 7)) and ZJGJ 7, = Z,eg r/ = 1. We use the functional L, M qefined by (14) where
forevery j € [1+ 0,_,,0,]] we put

Tj .
_ ifjed,
aj = Zse]> T
0 otherwise.

Aigop_q s & * T
L (Ek / ¥ (a) ~1)e (a)g(—’)da
JET, @

/ v, (a)xj - (@)da

/GJ\J

and

/
L (E / ¥, (a) > (Ro, —1)a;7 (a)g<—’>da
JEJT, a;

+ ) / ¥, (@] (a)da.

JEINTYO

On one hand we have z; > ’l'j/, (and necessarily rj’. > 0 by the first point) for each j € J, leading to

7 5 7
(2)-o(5-) < o(Zx) (2
®; sed. TjseJ> a;

since g is decreasing on (0, 1] and by using the following inequality:

/

1> ZTS>QZTSZO.

T,
sed, Jsed,

20
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On the other hand, we see that

[) lI‘j(a)x;/(a)da < /o ‘Pj(a)x;f’f;(a)da
forevery j € J\ J, = J_ u J.. It follows that

Uy 1 see sy Uy 1 see sy
L“kl k(E*,k ><Lkl+k1 k(E*,k ,>

k Ty, 0T, TsernnT]

which is absurd since L:”"’H "% is a Lyapunov functional on y(z) by Lemma 3.4 and as explained before it should
be constant on a(¢) that is to say

‘We deduce from this that a(¢) is reduced to a single equilibrium, that is:

aprne, ={EF )

Similarly, we may prove that
oang, ={E* |

seees@p

Thus (27) is satisfied and the complete orbit y(z) is either a heteroclinic or a homoclinic orbit.
Step 4. We now prove that
E*,k
Ti,e. 0T,

tn

— E*,k
@150,

n (28)
which amounts to prove that z; = w; for every j € J. Similarly to the third step, we define the sets
J.={ied :7;>wl, J.={ied 7, <w}
Suppose that J, # @. We use the functional LZ””H""’a”k defined by (14) where for every j € [[1 + 6,_;,0,]] we put
——  ifjed.
0 otherwise.

so that )} jeg. @ =1 and a; > 0 for every j € J. since 7; > w; > 0. The same computations as in Step 3 lead to

Ttop_g 2oy *,k
) < Lk Ewl,...,w,,

Ay gy preee

k

T

Lal‘*"’k—l""’a”k E*,k
k Ty,

with the right term being equal to +co if w; = 0. This is absurd since L “isa Lyapunov functional on the

complete orbit y(z) by using Lemma 3.4 whence we should have

k Typenes T,

La1+<7k—1""’af’k <E*’k ) > LZl-Hrk,l"waak (Eask Y )

It follows that 7, = @ whence 7, S w; for each j € J.If J_ # @ then we would have
1= ZTJ- < ij =1
jed jeJ
which is absurd. Consequently J_ = @ and then T, = w; for each j € J which amounts to (28).

Step 5. Finally we end up with y(z) = {¢(t),7 € R} being a homoclinic orbit through z € K with

lim ¢() = E** = t1h+n o).
f——00 12:2%n —+00

Ok
j=140,_4

Asin Step 2, let (a1+0k_1’ ,ao,k) € [0,1]°%-1 such that )’ a; =1, with a; =0 foreveryj € [1+0,_1, 0,1 \ T
Agop_q

. Ly, .
and with a; > 0 for every j € J. From Lemma 3.4, we know that L, * is a Lyapunov functional on y(z) that
Xy

is a homoclinic orbit (see the latter equation). It implies that L, " s constant on 7(z). Again by Lemma 3.4,
we deduce that y(z) C 8;‘ 7 and then z € £k* 7 Hence K C 8;‘ and this latter set is isolated.
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4. We prove that the set
(B85 087 )

is acyclic (see [18], Definition 8.14, p. 187 for the definition). Let z € 05, and let y(z) = {¢(r),t € R} C S, be a

complete orbit through z.

i. Suppose that lim,_,  ¢(¢) = E,. Since y(z) C 0S,, then by looking at the reduced problem (1) with the infected
populations k € [2,n, ]| we deduce from the recurrence hypothesis that necessarily z € n 7,0S; (otherwise we
would have lim,_, ,  d(¢(1), & *) = 0for j € [2,n ] whichis absurd). Consequently y(z) C n 5,0S;. By Lemma 3.1
we know that L, defined by (13) is a Lyapunov functional on y(z). It follows from [18], Propos1t10n 2.51, p. 53 that
L, is constant on a(¢) and on w(z). From the arguments above (see the case R, ; < 1) we deduce that a(¢) = { E,}
and that L, is constant on y(z). By Lemma 3.2 we deduce that y(z) = { E,}.

ii. Suppose that n, > 2 and that there exists k € [2,n.[] such that lim,_,  d(¢(), £;) = 0. Again, by recurrence
hypothesis we necessarlly have z € (nak 10S;)N (Uj 140, Sj) (otherwise we would have lim,_, ,  d(¢(?), 8}’.") =0
for j € [[2, k — 1] which is absurd). Followmg the proof of the point 3.(ii) (see Steps 2-5) by first defining the
subset J, then proving (27) and (28) we arrive at y(z) being a homoclinic orbit through z € & / C &;. We just

proved that the set { {Eo}, &5y EX } is not cyclic and consequently acyclic.

Combining the four previous points with the existence of a global attractor A c X, (by Corollary 2.4) implies from [18],
Theorem 8.17, p. 188 that @ is uniformly weakly p-persistent. Actually, from [18], Theorem 5.2, p. 126 we know that the
semiflow is uniformly strongly p-persistent. We note here that we could have used [17], Theorem 4.2 since @ is bounded
and dissipative by using Corollary 2.4. Finally from [18], Theorem 5.19, p. 138 (which can be used here since A is a strong
global attractor) we deduce the existence of the global attractor A, in U7 S, which is LAS.

3.2.2 | Lyapunov Functional

Let J C [1,0;] and K be a compact invariant such that K C (NkegSi) N (Niepio g 9Sk)- Let (ay, ..., a,) € [0,1]" such
that E*! o € &} ;- We prove here that the functional L “1 defined by (14) is a Lyapunov functional on every complete
orbit y(z) for any z e K.

1. We first show that L‘lxl""’a”l (®,(2)) is well-defined for every (¢, z) € R, X K. Using (9), we have d)tS (2) € [cg, MA] for
0
every t > 0. In [8], Proposition 4.4.4, it was proved that for every (z, k) € K X J, there exists z > 0 such that

/ ﬂk(a)d)f(z)(a)da >0, Vi>rt.
0

We now proceed in three steps.

Step 1. We prove, as it is claimed in the proof of [8], Proposition 5.1 (but without proof) or in [16], Proposition 2.3,
that 7 is uniform in z, that is, for every k € J then

37, >0, VzeK: / p(@)®K(2)(@)da >0, Vi r1,. (29)
0

To show this, let k € J and first assume that ﬂ’g < +00. Defining ¢ = (f, + f,)/2 then:
i. There exists 6 € (0,¢ — ) such that /0 * @k(z)(a)da > 0 for every z € K. Indeed, otherwise by contradiction

one gets a sequence (8, z,) C ((0,¢ — f;,) x K)N such that lim 6 =0 and fo k_‘s”d)’g(zn)(a)da = 0 for each

n—-o0 “n
n € N. By compactness of K there exists (up to a subsequence) z € K such that lim [z, — z||x = 0. But then

ﬂk §n
S /l)

—_ k= —_
<Nz =z,llx + 1PG@x_5 5l n—co 0

n—00

Be=b, Be
c@)(a) — d>’5(zn)(a)'da + / i (z,)(@)da + /_ i (z)(a)da
0 n

B
/ 5 (Z)(a)da
0 )

by the dominated convergence theorem, whence foﬂ * <I)’(§(E)(a)d a = 0 which is absurd since z € K C S,.
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ii. For every z € K, there exists a € [O,ﬂ_k — 26] such that [_5+5<D’5(z)(a)d a > 0 (otherwise there would be z € K

such that /Oﬂ k_‘s(I)’(;(E)(a)da = 0 which contradicts the first item).
. By+o p— —
iii. For every z € K, there exists ¢, € [0, 6 + f,] such that /ﬁk—k <I>f0 (z)(a)da > 0.Indeed, ifa < g, thent, :=f, —a
works because o
ﬂ_k+6 a+é
/ (Df (z)(a)da > e_”O'U/ <D§(z)(a)da >0
By ’ a

by the second item. Otherwise (if a > f,) we can take f, := 6 + f§, and we get

Bits Bits
[ eto@daz e [T 0k @i poda
By Bx - -

)
> o Hobe / @k (z)(@)da
0
)
> ¢ Follit®) /0 5 (2)(0)da

Fy a+26—a
> oMot / 5, (2) POP;_,(2)(E)deda
0

a+é—a

o a+26—a
> cSe—Mo(ﬂ_k+5)/ e—ﬂo(5—a)/ ﬁk(é)q)](;(z)(é — 6+ a)déda
0 _

a+é—a

é a+é
> cge ot / e H(0=) / (& + 6 — )®y(2)(E)déda > 0
0 a

due to the second item and the fact that £ + 6 — a € [a,a + 256] C [B,, ﬂ_k].
iv. We observe that for every r € [¢,, 1, + 6], we have: -

Prt+o+t—t,

D (2)(0) > cg / B(@)®(z)(a)da

Pt+i—t,

s+t
> CS/ ﬁk(a)CDfo(z)(a —(t—1ty)da

Pttty

Bt
2 CS/ frla+1— IO)(D;Z(Z)(a)da >0
Bx

sincea+1t—1t, € [f, B +26) C (b, ﬁ_k) by definition of § and we deduce that @f(z)(O) > Oforeveryt € [t,, 1, +
5. T o
v. Similarly, for every t € (t, + ;. t, + b, + 26), we see that:

Bi+o
D (2)(0) > ¢ / (@)@ (z)(a)da
B

Bt
> ¢ / BU@D ()0 10 (a)da
B

b
> cS/ Bt — a)¢>’a°(z)(0)e_”0(’_")da
1=(f+5)

min{t0+5,t—&}
> cg / Bi(t — )@ (2)(0)e ™" Pds > 0
max{t—(&+5),t0}

for every t € (¢, + fi. 1, + B, + 26) since <I>’S‘(z)(0) > O forevery s € [ty,t,+ 6]l and t —a € [f, f, + 1.
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vi. The same computations prove that for every n >0 and every t € (¢, + np.t, +np, + (n+1)6) we have

®(2)(0) > 0. Let N = [ﬁk /5] so that N6 > f,, then it follows that
D(2)(0) >0 Vi>1ty+ NB,.

vii. In conclusion, we proved that for every z € K, there exists ¢, € [0, § + f,] such that <I>f(z)(0) > 0 for every t >

ty+ NB, with6 € (0,c — §,) and N = [ﬂk /5]. It then leads to
VzeK, ®z)0)>0, Vr>5+(N+1)f,

which implies (29) (here 7, = 6 + (N + 1), is independent of z).

viii. The case ﬁ_k = oo is treated similarly. We j_ust have to let 6 = f,. We prove as (ii) that for every z € K, there
exists a < oo such that /;Md)’g(z)(a)da > 0. Then as in (iii), v?e prove that for every z € K, there exists 7, €
[0,6 + &] = [0, 2&] such that /ﬂi&d)fo(z)(a)da > 0 (in the case a < @we may consider ¢, := & —a and in the
case a > f, we may consider ¢, = 2,). We also prove (iv), that is, dbf(z)(O) > Oforeveryt € [t,1, + 6]. The step

(v) is similar, while in step (vi), we have N = [ﬁx / 5] =1 so that
(2)(0) >0, Vi> 15+ f.

Consequently, (29) is still true with 7, > 3, .

Step 2. By invariance of K we deduce that for every (z, k) € K X J, there exists a complete orbit {¢(t),t € R} C K
through z leading to

/ (@)@ (z)(a)da = / B (@)D (p(0))(a)da = / ﬁk(a)QJ;‘ (p(—D)(a)da >0
0 0 0
by using (29). Since K is compact then a continuity argument implies that
Vke J,3¢,>0,VzEK : / B(@)®f(2)(@)da > c,.
0

Again, by invariance of K, we deduce that for every (z, k) € K X J, there exists a complete orbit {¢(?),t € R} C K
through z leading for every t > 0 to

/ B @)@k (z)(a)da = / B(@)®@¥(p(0))(a)da = / B (@)D (1)) (a)da > ¢,
0 0 0

that is to say
Vke J,3¢, >0Vt >0, VzeK : / ﬂk(a)éf(z)(a)da > ¢ (30)
0

Now, we claim that
V(t,a,z,k) € R’ X KX J 1 ®2)(a) > cge,m(a) (31)

where we remind that cg is defined in Equation (9). Let k € J. The proof is similar to [8], Proposition 5.1.2 but
expressed on K rather than on the omega-limit set of some initial condition of S ; hence, we give its proof for com-
pleteness. Let (¢, a) € (R, )? such that ¢t > a. From the expression of the semiflow (5) combined with (9) and (30) we
get (31) for every ¢t > a. Suppose now that r < a. Once again by invariance of K, we know that for every z € K, there
exists a complete orbit {¢(?),t € R} C K through z leading to

DK (2)(a) = DL (P(0))(a) = DX, (d(t — (a+ 1)) = cge,m (a)

and (31) is proved.
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Step 3. Let J* = {k € J : a; > 0}. We now prove that

(@) 2
3 0, Vtaz.k)e R )PxKxJ*: | —% _ _1 . 32
e >0, Y(t,a,z,k) € (R,)* XK xJ ((Df(z)(a) ) <c¢o (32)

Let (k,7,a) € J* X (R, )*. We deduce from Equation (31) that

k
D/ (z)(a) o CsClk

X, @  pga(RE-1)
x;ak (a) 2 1
—% 1) £—+1<ow
Pk (2)(a) (&)

1
Cp =maxs — +1
keJ* ck

Step 4. Let (t,a,z, k) € (R,)* X K x J*, then from Equation (32), we get
' @ @@ @ *@@ @
: —_— )= +1n -
T, B Xea, (@) Xea, 9 X, (@ ®f(z)(a)

O (z)a) X, (@) o Xt (a) 2
% t Uy 1
< xk,ak(a)< Y@ + d)f(z)(a) > @/ (2)(a )<—<I>k(z)(a) )

< cp®f(2)(a) (33)

VzeK :

leading to

which proves (32) when considering

by using the fact that In(x) < x — 1 for each x > 0.

Step 5. Finally, from Equation (33) and using the integrability on R, of the functions

ar ¥ (@@ (2)a), V(iz)eR, XK

......

for each k € [1, n], it follows that (z, z) +— LT ' (®,(z)) is well-defined on R, X K.

2. We prove that L‘fl""’a‘” is a Lyapunov function on every complete orbit y(z) for any z € K. This amounts to showing
that LT“""“‘” is a Lyapunov function on each positive orbit y*(z) for every z € K. Let z := (Sy, X, ¢, ..., X, o) € K and
letZ :=(S,, (0, X10)» -+ »(0,x,4)). We will follow the sketch of the proof of Lemma 3.1 (for the case R,,; < 1), which
is here more tedious because of the shape of the functional.

i. Suppose first that Z € D((A + F),) N &,, where D((A + F),) is defined by (2). Then using [12], Theorem 5.6.6,
p. 242 we can compute the derivative of the function ¢ — Li’l""’a” (®,(z)) according to 7 (which is well-defined
due to the first point) since dbf(z) belong to W11(0, co) for each ¢ > 0 and every k € [[1, n]]. Similar computations
to the case R, <1 (see (20)) lead to

AL (@, (2))
S T2y ~ s ﬂk(a)fbk(z)(a)da - @5z - sy
dt (DS t [}
ke[1+6.n]UT\T*) !
P / s (g LR A OIS (34)
g a)x , (@g| — = a<
<1>S( ) kej* . X} 0 (@ fo B (2)(s)d s
since * > Sr = L for every k € [1+ oy,n] and =1 for every k € [1, o4]. It can be rewritten in the follow-
T 1 Fo Tk T'o
ing form:
a a a a - 1 rore
Lll o (@,(2)) = Lll’ 1 (z) — Z <_ - S{Z)/ / ﬁk(a)(l)]g(;Z)(d)dtltl'(,E
k=140, T 0 Jo
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t
- i (2)~ S, )%d / d
/(DS(< (2) = S2 Pdé— 1T ((DS())é

1opeo DL(2)@) [y B()x; , (s)ds
- 25 / / pula, @g| ——— - dadg (35)
(o2 k a % (o9
S o o o X; . (@[5 B()PL()(s)d s
ii. Now, suppose thatZ & D((A + F),) N X,,. We will use a density argument to compute the derivative of the func-
tional L‘;l”"’a"l along the solution of (1) for the initial condition z. However, taking a sequence of initial conditions

in D((A + F)y) N &,, is not sufficient for the functional LT""’a”‘ to be well-defined because similar estimates to
(31) are necessary for the sequence of initial conditions. Hence we will build a suitable sequence.

Step 1. Let 1 > 0 and j € J. We know by (31) that d)’;(z)(a) > cgc,mi(a) for every (s,a,z,k) € (R,)* X K X J. We
define
v="80%10: -+ %0 0= (8,.(0,%1), ...,(0,%,,))

where -
§ - SO/0 Bi(a)x; (a)da — v
C B @ g(@da - =
and -
) ‘o wzk/o B (a)x, o(a)da ifke g
X0 = Jo Bi(@)x; o(a)da
0 ifke [1,n]\JT

with v > 0 small enough such that v € X, and 0 € X, (which exist by using (31)). Here we use the density of
D((A + F),) N X,, into &, to assert:

m N . m f
3 (0"nen € (DA + Flo) N &y, ) 2 10" = Blly —— 0
where 0™ = (S (0, x(’")) ., (0, x(’”))) € D((A + F),y) N &X,,. Since @ is state-continuous uniformly in finite time

(see Proposition 2.3 4.), then the sequence v'™ = (S(’") (1”3 yeees X 51"3) € X, satisfies

sup [|@,('™) — @ ()] —0.
sef0.1]

Now we define the sequence (0™),, oy = (S (0, _(1"8) ,(0, x('")))mEN € (X,,)N where

< _ S5 o B; -(a)x(-'")(a)d a+v

0 o B @x" (@)da + &

and .
(m) vy fo Pla)x, y(a)da .
—(m) xk,(] + (m) ifkeJ
ko = S5 B (@x " (@)da
° itk e [La]\J
which is well-defined since we have /"4, (a)xjj(@)da — Jo " B;j(@x; o(@)da — = > 0 by definition of v. It fol-

lows that /0 ﬁj(a)x;”'g(a)da > 0 for each m >0 (up to a sub-sequence). Recalhng that x, , € 05, for every k €
[1,n] \ J (by definition of K) and by invariance of K, then x; 4(a) = 0 f.a.e. a > 0. By construction we then see

that lim,,_  [|@"™ — Z||, = 0 and lim,,_, ||w™ — z||x = 0 where
—(m) _
(m) . _ (m) (m)
w™ = (Sy X0 X)) € X,
leading to
sup [|®, (™) = @(2)ll y —— 0. (36)
s€[0,1]
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We now check that ™ € D((A + F),). Since ™ € D(A), it remains to prove that Aio™ + F('™) € X, that is,
= 5™ [T
Vke J, "(0) =S, / @)% a)da. (37)
0

Knowing that 9™ € D((A + F),) then by construction we have for every k € J:

0 (m) 0 (m)
_(m)(o) (m)(o) v/, Bi(a)x,’y(a)da /o Bi(a)x,’y(a)da < S / 5 (a)x(m)(a) da +V>
B (a)x“”(a)da B (a)x“")(a)d

S "\(a)d
o ﬁk(a?i ot a( / ﬁ(a)x<’">(a)da+—>
/0 ﬂj(a)xj'g(a)a’a

\% /0 (a)x (a)da
= S / ﬂk(a)x('")(a)da + </ ﬂk(a)ﬂk(a)da> (m)
S8 @x(@da

—m) [ —(m
=S, /0 @)% (a)da

so (37) is satisfied and (0'™),,cny C (D((A + F)y) N X )N,

Step 2. Let € > 0 small enough such that
VkeJ : c—€llfilli«>0 and cg—e>0 (38)
holds. We show first a property analogous to (31) which is

dc,>0,AM € N,VY(s,a,k) € [0,{]] X R, X T, Vm > M

O(w")a) 2 ¢,7(a) and sup |, (w™) - @2l <e. (39)
s€[0,1]
Let k € J then
° V_/owﬂk(a)xm(a)da
h- ﬂk(a)X(m)(a)da Jo” P @xiglarda - m o Bla)x,, o(a)da
/0 (a)x(m)(a)da m—co /0 ﬂ (a)x O(a)da - /0 ﬁ (a)x O(G)da

By definition of x('") and by using (5), we deduce that there exists M, € N and c,,, > 0 such that for every m > M,

and every (s, a) € [0 t] X [s, )

Ky p(m) e ) AT (Y. 5
D (w™)(a) = X\ (@ — s)e~fomsth

o . " (a)d o ™ Nd
> V,,k(a_s)e_/“,,k@df(/o B(@x"(a) a> e )( S B@x ) a>

I8, (a)x“’”(a)da 1B, (a)x(m)(a)da
2 ¢ (a).
Considering ¢\ = min,c;{c,,} >0 and MY =max,;{M,} then ®*w™)(a) > cVx,(a) for every m > MY

and every (s, a, k) € [0,1] X [s, ) x J. From Equation (36), there exists M® & N such that sup,; [|®,(w™) —
@ (z)||x < € forevery m > M® and every k € J. Also, using (30), we see that for each k € J we have

/ p(@)®* (w™)(a)da = / (@)@ (z)(@)da + / Bi(@)(@*(w™)(a) — ®*(2)(a))da
0 0 0
> ¢ — el el o (40)

for every s € [0,7] and every m > M®. Moreover by (9), we have

£+AZ£+d>f(u)Z<I>f(w(m))2®f(v)—sZcS—£, Vm > M?® (41)
Ho
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and using (5) we have
q;f(w“"))(a) > (CS - 5)(Ck - 5”ﬁk||Lco)ﬂ'k(a) =: Cg,k”k(a)

(wherein ¢, , > 0 by (38)) for every (s, a, k) € [0,1] X [0, 5) X J and every m > M®. Considering ¢? = minge;{c, .}
implies that ®*(w™)(a) > ¢Px(a) for every m > M® and every (s, a, k) € [0,7] X [0, s) X J. Finally, considering
¢, = min{ct’, ¥} and M = max{M®D, M@} prove (39). We then get

w
Ok (w™)(a) Colx 3
xzvak(a) - ysak(Rg -1

V(s,a,k) € [0,t] xR, XT*, Vm> M : ¢, > 0.

Following steps 3—4 of the first point, we deduce that

q)k (m)
x* (a)g M < @k(w(m))(a) i +1
o X o (@ ’ I

for every (s, a, k) € [0,¢] Xx R, X J* and every m > M. Using (39), we see that for each k € J we have

0< / ¥ (@)@ (w'™)a)da < || Pl o + / ¥ (@)@ (z)(@)da, Vs €0,1]
0 0

which implies that s — L‘;l""’a"l (@, (w'™)) is well-defined on [0, 7] for each m > M. It follows that we can compute its
derivative as in the first point of this section (in the case where the initial condition is in the domain of the operator),
leading for every s € [0, 7] and every m > M to:

n

Bt =1 wn - 3 (s ) [ ek
0 Jo

k=140,
’ S (m) % \2 S*
_/cpS(U)('f(w) S;)dé - IJI/ —(m))df
/ s / @, (a) <(Dg(w(m))(“%mﬂk(s)x;ak(s)ds>d dé (42)
a)x,, (@)g = adé.
& e X7, (@[3 B ()L wm)(s)ds

Step 3. It remains to show the formula (42) but for the initial condition z instead of w. Let &€ > 0 small enough
such that (38) is satisfied. Let m > M (where M is defined in Equation (39)). We thus compute for s € [0, ¢]:

Lllll, .,%l(q)s(z))_ 61(Z)+ Z <_ —S* >// ﬁk(a)d)’g(z)(a)dadij
0 0

k=1+0,

s S*
®(2) - S} )’d / 2 )d
+/ 3z )( (2) =S8, ) dE+ 1T <q>§(z)> 5
e 3 [ [ ns, @ GO AR O
a)x: a a)g - = a
P2 Kla)x, X} o (@ fy B($)PE()(s)d s

< L@@ = LT @, | + | L @) = L ™)

H(z) :=

+ Z <— -8 )sllﬁklle X §21{1();1]”@2‘(2) - ng(w('”))lly(u&)r)

k=1+0,

(obg(w(m)) -2 )2 (obg(z) -2 )2

+ Sug X sup -
gelosl| P (wm) @7 (2)
S* S*
(o} [o}
+5|J%| sup |g — )| ———
£el0,s] cbg (z) cbg (w™m)
28 Mathematical Methods in the Applied Sciences, 2026

8518017 SUOWILIOD 3AIERID 3|qedldde 8y Aq pauenob aie I YO ‘@SN JO S3NJ Joj ARIg1T8UIIUO /8|1 L0 (SUORIPUOD-PUR-SWLBYW0D" A3 | 1M AReq 1 Ut UO//Sd)Y) SUORIPUOD puUe SLWB | 34} 83S *[9202/60/22] U0 ARIqITaUIIUO A8]IM *BIIBCILOIN 8P S1SRAIIN AT Z960. BWW/Z00T OT/I0P/W0D A3 1M Afe.q U1 |UO//SANY W01} PSPEOIUMOQ ‘0 9Ly T660T



+5S; sup D Bula)x;, (a)|g
-fE[OS] keJ* 0

<d>§<z)(a> f()“ﬂk(c)x,t,ak(C)dg“)
X7, (@ [ BOOEOdC

LW ™) a) [y Bi©)xy ,, (S ; @
_ _ a
X, (@) Jo B& )<I>’g(w<m>)(c )¢
From Equations (39) and (41), we get
@ (™) ¥ (2) Ss
Srgl —— ) -sre = < |05 @) - @S@)| x [ 14+ —2
o S:l o1 S:l s s cg—€
Ss
<ex|1+ - =: Kk;(¢)
CS — &
and
¥ (a)@*(z)(a)da - / ¥ (@)@* (w™)(a)da
ke [1+0y,n] U \T*) 0
<Y O - @ w ™ <e D 1l = k()
ke [1+0,n]UI\T*) k€(l+o,nlU(I\T*)
for every s € [0, 7]. Using (31-39), we can define ¢ = min, 5 {c,,,cgc, } so that for every k € J* we have
4 (2)(a) cry O (w™)(a) cry
: > , — >
xz’ak(a) ﬂs(Ro,k -1 xk,ak (@) ﬂs(Ro,k -1
for every s € [0,7] and every a > 0. It follows that
® 4 (2)(a) ® Ok (w'™)(a)
Z / ‘Pk(a)x;ak(a)g(‘*— da— / ‘I’k(a)x;’;ak (@g| ———— |da
keg+|/0 xk,ak (a) 0 xk,ak (a)
D(z) (@)  DEw™)(a) us(Rox—1)
Z ||‘Pk||Lm/ k’ak(a) = - — X <1 + L)d(z
ke Xpa, (@ X, (@ cry
Hs( 0,k ) -
< DIl <1 + —) |@¥(2) — @ (w"™)| 11
keJ* rk
us(Rox—1)
S Wil e <1 O e = K5(€)
Cry
for every s € [0, t]. Furthermore, from Equations (39-41), we deduce that
Z 1Bl o <— -, )s x sup ||9f(z) — QL") g,
k=l+0, €01
Z 18l oo <— -S )txe =: K,(e),
k=140,
S* S
sS* |T*| sup |g -gl ————
selon 5 (2) @ (wm)
1 A
<usS; YT x| 1+
<I>S( ) DS (wm HoS:,
1 A
< te(S* )| T*| x <—> X1+ — ) =: xs(e).
oy cglcg —€) /405:1 >
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and

2 2
oXwm) -5z ) (9= 57)
Spg X su -
S seton @ (wm) @ (2)

1
CD?(Z) @?(w(m)

2 2
‘(@?(w(”’)) s ) - <(I>;f(z) s )
1 1
<tpg X sup

2
+ (@S -5
£e[0.s] <I>? (2) ¢ i

25" e+e(2 +e)  ee+ )
o1 Ho Ho
Stus +
cg cglcg —€)

=! K4(€)
since S:l < MA and by using (9). Moreover using (6) and the fact that K is compact and invariant lead for each k € J*
0
to Jo B(&)x}, (§)dE = + and
k

IlﬁkllL

/ PP (2)(E)dE S ————— / B&PL(w™)(&)dE < NIBill 1 <6 + f)

for every s € [0, f] then using (30) and (40) it follows that

sS* sup / Pila)x, , (a)|g

56[0 s] keJ*

L)) fy BilO)x}, (OdS
X} 0 @y BOPEDE)AE

DL w™)@) [y B, ()dC .
- a
: X} o (@ [y B OPLw ™) O)dE
DL P, O PO, ©dE |
- a
X; o (@ [T BUOPEWMO)AE X}, (@) fy" BOPEE)E)E

(A + epy) wieRo, — DS
x1S" <1+ H Bl oo s (R i 1 k>

<sup Y [ Bulax,
£€[0,s] keg+J0

Criloy

S (/[ seoni, @ac) [ s D@ o%e@ |
< sup </ o ¢ C)/
a2\, Ao B0k wmy©de SRR

. A+ eppl Bl o ts(Ro . — 1S oy
X tS(71 1+

Crylo

=: k,(&).
Ck Hoci (e = ll Bl =) cr iy 7

. A 2 A+ wie(Ry, —1)S*
SIZ<|IeﬂkIIL . ellBell ><1+< et Bl Lo tts(Roy — 1) lak>
keJ*

Finally, from Equation (43), we deduce that

7
H,(z) < 22Kj(6) - 0

=1

uniformly in s € [0, r]. We thus get H (z) = 0 and then (42) is satisfied for any s € [0, ¢]. Also, since ¢ > 0 was taken
arbitrarily then (34, 35) hold for any ¢ > 0 whence LT""’“"‘ is a Lyapunov function on every complete orbit y(z) for
any z € K which proves the second point.

This proves the second part of the second item of Theorem 2.5.
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3.2.3 | Computation of the Global Attractor and Conclusion
Here we prove that A is reduced to the set £;. We first need to state the following result.

Lemma 3.5. LetJ C [1,0,] with J # @. Let

ze(ﬂS,)n( ﬂ asj>
jeJ jE€lLe NI

7(2) = ($().1 €R) C (ﬂ s,) n < N asj>
jeJ Jj€l.0,\T

be a complete orbit through z. Let (a3, ..., a, ) € [0,1]7 such that E;lzlaj = land with a; = 0 forevery j € [1,0,]] \ J and

and let

a; > 0 forevery j € J. Then the functional LZI""’% defined by (14) is a Lyapunov functional on the complete orbit y(z) and
Jor each (t,v) € R¥ X y(z), the time derivative of t LZ“'"'“‘” (®,(v)) is given by (34), with J* = J. If moreover Lzl’""a"l is
constant on y(z) then y(v) C &; g that is defined by (15). In particular v € & 7

Proof.  The first part of the Lemma simply results from Section 3.2.2. For the second part (when the Lyapunov functional
is constant on y(z)), the computations are similar to those in the proof of Lemma 3.4 (second item). O

We first know that £ C A, since £ is an invariant set that belongs to A,. Let z € A,. By invariance of Ay, let y(z) =
{p(1),t € R} C A, be a complete orbit through z. We denote by J C [[1, 0] the (non-empty) set such that

ze(ﬂsk>n< N ask>=: K.
keJ ke[1l,00]\T

Then we have ¢(¢) € K for every ¢t € R by positive invariance of each set S, and 9S,. Let (a, ... ,a, ) € [0,1]7 such that

Z;;laj = landwith¢; = 0forevery j € [1,0,]] \ J and a; > Ofor every j € J. From Lemma 3.5, we know that LT“'"’“"‘
defined by (14) is a Lyapunov functional on y(z). Using [18], Proposition 2.51 p. 53 we deduce that the function L‘;l""’a”l
is constant on a(¢) hence on each complete orbit of a(¢). By Lemma 3.5, we deduce that a(¢) C 81*, 7 Similarly we get
w(z) C 6; 7 It follows that

lim d(¢(), €] ;) = lim d($(1), €7 ;) =0

with lim,__ LTI""'Q” (p(@®) > L‘:"m'a"l (z) > lim,_ L?""’a"l (¢(1)). Now, we apply the same arguments as those used in
Section 3.2.1, point 3.(ii). We just need to consider k = 1 and use Lemma 3.5 instead of Lemma 3.4. This allows us to first
prove the existence of (E:{,l...,f”’ E;llw) (S (‘5'1*, J)z such that (27) holds (see Step 3), so that y(z) is either a heteroclinic or
homoclinic orbit. Then we prove that

(see Step 4) so that y(z) is actually a homoclinic orbit. Recalling that Li’l"”’a"l is a Lyapunov functional on y(z), we deduce
that Li’l"”’a"‘ is constant on y(z) and by Lemma 3.5 we get y(z) C & 7 and in particular z € £}. In conclusion A, = &
which proves that the set £7 is GAS in S, = ulelsk.

This proves the first statement of the second point of Theorem 2.5 for k = 1. The rest of the second point readily follows
since each set 0S; is positively invariant. Consequently, Theorem 2.5 is proved.

4 | Discussion

In this work, we have shown that in the infection-age-structured competitive model (1) between n species, the competitive
exclusion principle still holds in the case where the maximal basic reproduction number is not necessarily unique. This
extends the results of [5] and provides a complete characterization of the asymptotic behavior for an arbitrary number of
populations, regardless of the basic reproduction numbers.
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Consequently, the coexistence of populations from multiple species is now mathematically characterized, as numerically
illustrated in Reference [ 5], though this coexistence seems in practice hard to obtain since the populations need to have the
exact same R . However, one question remains: In the case of coexistence, an infinite number of equilibria exist (namely
the set &), so how can we determine which equilibrium the solution will converge to? For ODE models, the equilibrium
is given explicitly by the initial conditions (see [9-11]).
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