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ABSTRACT
We investigate an infection-age-structured competitive epidemiological model involving multiple strains. While clas-
sical results establish competitive exclusion when a unique maximal basic reproduction number exists, we provide
here a complete characterization of the asymptotic behavior for an arbitrary number of populations without assum-
ing uniqueness of the maximal reproduction number. By means of integrated semigroups theory, persistence results,
and Lyapunov functionals, we establish global asymptotic stability of equilibria and extend previous results obtained
for simpler (ODE) models. A key contribution lies in overcoming technical difficulties related to the definition and
differentiation of Lyapunov functionals, as well as in refining arguments based on the LaSalle invariance principle.

1 | Introduction

In this paper, we focus on the following infection-age-structured competitive model

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

𝑆′(𝑡) = Λ − 𝜇𝑆𝑆(𝑡) − 𝑆(𝑡)
𝑛∑
𝑘=1

∫
∞

0
𝛽𝑘(𝑎)𝑥𝑘(𝑡, 𝑎)𝑑𝑎,

𝜕𝑥𝑘
𝜕𝑡

(𝑡, 𝑎) +
𝜕𝑥𝑘
𝜕𝑎

(𝑡, 𝑎) = −𝜇𝑘(𝑎)𝑥𝑘(𝑡, 𝑎),

𝑥𝑘(𝑡, 0) = 𝑆(𝑡)∫
∞

0
𝛽𝑘(𝑎)𝑥𝑘(𝑡, 𝑎)𝑑𝑎

(𝑆(0), 𝑥1(0, .),… , 𝑥𝑛(0, .)) = (𝑆0, 𝑥1,0,… , 𝑥𝑛,0) ∈ ℝ+ × (𝐿1
+(0,∞))𝑛

(1)

for every (𝑡, 𝑎, 𝑘) ∈ (ℝ∗
+)

2 × ⟦1, 𝑛⟧ where 𝑛 ≥ 1 is the number of infected populations. The case 𝑛 = 1 was investigated by
Thieme and Castillo-Chavez in Reference [1, 2] with the study of the uniform persistence of the system and the local
asymptotic stability (LAS) of the endemic equilibrium. The analysis was completed by Magal, McCluskey and Webb, who
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established the global asymptotic stability (GAS) of both the disease-free and the endemic equilibria [3]. Using the next
generation operator approach [4] they derive an explicit expression for the basic reproduction number0 and prove that if
0 ≤ 1 then the disease-free equilibrium is GAS in the whole space, while if 0 > 1 then the unique endemic equilibrium
is GAS in the set of initial conditions for which disease transmission occurs, and the disease-free equilibrium is GAS in the
complementary set. Later, the case 𝑛 ≥ 2 was investigated by Martcheva and Li using a more general model that includes
a vaccinated compartment [5]. They derive a basic reproduction number 0,𝑘 for each species 𝑘 ∈ ⟦1, 𝑛⟧ and prove that if
max𝑘∈⟦1,𝑛⟧{0,𝑘} ≤ 1 then the disease-free equilibrium is GAS in the whole space. Moreover, under the assumption that
there exists 𝑗 ∈ ⟦1, 𝑛⟧ such that 0,𝑗 > 1 and 0,𝑗 > max𝑘∈⟦1,𝑛⟧⧵{𝑗}{0,𝑘} then the endemic equilibrium corresponding to
the survival of the strain 𝑗 only (𝑖∗

𝑗
≠ 0 and 𝑖∗

𝑘
= 0 if 𝑘 ≠ 𝑗), is GAS in the set of initial conditions for which the transmission

of the disease 𝑗 occurs. This classical result is commonly called the competitive exclusion principle and was postulated
first by Gause in an ecological context [6] and later reinterpreted in an epidemiological context by Bremermann and
Thieme [7]. It states that 𝑛 competitors cannot coexist on fewer than 𝑛 resources; hence, if multiple strains circulate in
the population, then only the strain with the largest reproduction number persists, while the strains with suboptimal
reproduction numbers are eliminated. As mentioned by the authors, the case where the maximal reproduction number is
reached for multiple populations is not treated in Reference [5]. For two species (𝑛 = 2), this case was partly investigated in
Reference [8] with an attractiveness result for the set composed of all endemic equilibria. In the absence of age-infection
structure, the ODE model has been extensively studied (see [9, 10] for Holling type 2 models or more recently [11] with
infinitely many variants). The asymptotic behavior of the solutions is fully characterized in all cases. Moreover, when the
maximal 0 is attained for multiple populations, the equilibrium toward which the solution converges can be explicitly
determined based on the initial condition. This issue, however, remains open in the PDE setting.

The methodology employed in Reference [3] consists first of using integrated semigroup theory (see [12]) to get an appro-
priate framework for the well-posedness of the problem. It allows us to linearize the system around each equilibrium,
obtain linear 0-semigroups, and then use spectral theory to obtain the local stability of the equilibria (see [13, 14]). After-
wards, the study focuses on the semiflow (see [15] for definitions and results) by proving that it is both bounded-dissipative
and asymptotically smooth, which implies the existence of a strong global attractor  that is LAS. The last part of the
proof consists of showing that this attractor reduces to some equilibrium by using Lyapunov functionals. The same kind
of arguments are used in Reference [5]. More recently, global stability results were established in an SI epidemiological
PDE model with infection load-structure [16]. This is also done by using Lyapunov functionals; however, contrarily to
[3, 5], the computations are not done on the global attractor but on the omega-limit set for each initial condition. This
method comes at the cost of requiring local asymptotic stability to be established independently.

To reduce the attractor to some equilibrium, we first must check that the Lyapunov candidate function is well defined on
the attractor. This is immediate for the disease-free equilibrium, whereas strong uniform persistence results are necessary
for the endemic equilibrium. In References [3, 5], the weak persistence of the semiflow is readily obtained; then the
uniform weak persistence is deduced from the tools developed in Reference [17] (see also [18]). This ultimately leads to
uniform strong persistence due to the existence of a global attractor [18]. In Reference [16], the author combines the weak
persistence with the fact that the disease-free equilibrium is included in the omega-limit set to claim a contradiction, but
there may be cases where the solution approaches the disease-free equilibrium without converging to it. This proof was
unfortunately reused in Reference [8].

The second point is to compute the derivative of the Lyapunov candidate function. As explained in Reference [3], initial
conditions in some specific domain lead to classical solutions [12] of (1), and the PDE equations can be used to readily
compute the derivative. For other initial conditions, the key argument is the density of the latter domain in the positive
cone of the whole set, as mentioned in Reference [3]. It is also necessary that the semiflow is state-continuous uniformly
in finite time (see [18]), which naturally follows from the Lipschitz property of the non-linearity. For the endemic equilib-
rium, this is even trickier since the sequence of initial conditions obtained by the density argument does not necessarily
satisfy the estimates required for the Lyapunov candidate function to be well-defined. Hence, the construction of an ad
hoc sequence, which both belongs to the domain and satisfies the estimates, is necessary. This is done in the present
paper.

The third and last point is the reduction of the attractor to the equilibrium. In Reference [3], this is done by considering
a point 𝑧 ∈  and a complete orbit through 𝑧. Using the Lyapunov function and some estimates on the alpha limit set of
the complete orbit, the authors get the result for the disease-free equilibrium when 0 ≤ 1. For the endemic equilibrium,
the authors combine the fact that the derivative of the Lyapunov function must vanish on the alpha-limit set of 𝑧 (see
[18]) which actually reduces to the endemic equilibrium (by computing the largest invariant set on which the derivative
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vanishes), with the LAS of the endemic equilibrium to obtain the result when 0 > 1. In Reference [16], since the Lya-
punov is computed on the omega-limit set 𝜔(𝑥) for the initial condition 𝑥, the LaSalle invariance principle does not imply
that the derivative of the Lyapunov function vanishes for each point of 𝜔(𝑥) as claimed but only on the omega-limit (and
alpha-limit) sets of each point of 𝜔(𝑥) (see [18]). It follows that the endemic equilibrium belongs to 𝜔(𝑥) but is not nec-
essarily equal to it. The mistake lies in asserting that, if 𝑦 ∈ 𝜔(𝑥), then 𝜔(𝑦) = 𝜔(𝑥). A simple counterexample exists with
ODEs (see [19], Example, p. 224) where 𝜔(𝑥) consists of two fixed points plus the orbits joining them, while 𝜔(𝑦) reduces
to one of the equilibria, for each 𝑦 ∈ 𝜔(𝑥).

In the present paper, we do not need the LAS of the endemic equilibrium. The argument follows [3, 5] by considering
𝑧 ∈  and a complete orbit through 𝑧 on which the Lyapunov function is well defined. The LaSalle invariance principle
implies that the derivative of the Lyapunov function vanishes both on the omega and alpha limit sets of 𝑧, which then
both reduce to the endemic equilibrium. Using the fact that the Lyapunov function is zero at the endemic equilibrium, it
follows that the Lyapunov function vanishes along the complete orbit; hence, the derivative vanishes for all time, and the
result follows. This point is of particular interest here, since the stability of the endemic equilibrium cannot be established
by linearization when the maximal 0 is attained for multiple populations.

In the second section, we specify the assumptions and notations, remind some definitions, then state the main result that is
a complete description of the asymptotic behavior for 𝑛 species in the case where the maximal reproduction number is not
necessarily unique, with global asymptotic stability results of the equilibria, extending the results obtained in Reference
[5]. In the third section we prove the result by induction on 𝑛, using the tools described above.

2 | Assumptions and Results

For every 𝑘 ∈ ⟦1, 𝑛⟧, we define the function
𝜋𝑘 ∶ 𝑎 ↦ 𝑒−∫ 𝑎0 𝜇𝑘(𝑠)𝑑𝑠

describing the survival probability from infection to the infection age 𝑎 for the population 𝑘. We also define the following
quantities

𝛽𝑘 ∶= sup(supp(𝛽𝑘)), 𝑟𝑘 ∶= ∫
∞

0
𝛽𝑘(𝑎)𝜋𝑘(𝑎)𝑑𝑎

which allows us to define the basic reproduction number associated with the species 𝑘 as

0,𝑘 =
Λ𝑟𝑘
𝜇𝑆
.

This number is classically defined as the number of secondary infections resulting from a single primary infection with
strain 𝑘 into an otherwise susceptible population (see [4, 20–22] for an overview of this topic).

We will look at solutions on the Banach space

𝑋 ∶= ℝ × (𝐿1(0,∞))𝑛

which is endowed with the usual norm, while we denote by𝑋+ its positive cone. We also define the sets

𝑘 ∶=
{

(𝑆0, 𝑥1,0,… , 𝑥𝑛,0) ∈ 𝑋+ ∶ ∫
𝛽𝑘

0
𝑥𝑘,0(𝑠)𝑑𝑠 > 0

}
, 𝜕𝑘 = 𝑋+ ⧵ 𝑘, ∀𝑘 ∈ ⟦1, 𝑛⟧.

In Table 1, we remind the variables and the parameters used in the model (1).

Assumption 2.1.

1. The constants Λ and 𝜇𝑆 are positive. For each 𝑘 ∈ ⟦1, 𝑛⟧ the functions 𝜇𝑘 and 𝛽𝑘 belong to 𝐿∞(0,∞) with 𝛽𝑘 ≢ 0.
Moreover, there exists 𝜇0 > 0 such that 𝜇𝑆 ≥ 𝜇0 and such that for each 𝑘 ∈ ⟦1, 𝑛⟧ we have

𝜇𝑘(𝑎) ≥ 𝜇0 a.e 𝑎 ≥ 0.

Mathematical Methods in the Applied Sciences, 2026 3
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TABLE 1 | Variables and parameters of the model.

𝑆(𝑡) Number of susceptible individuals at time 𝑡
𝑥𝑘(𝑡, 𝑎) density of individuals infected by strain 𝑘 with age 𝑎 at time 𝑡
Λ recruitment rate
𝜇𝑆 natural death rate
𝜇𝑘 mortality rate of infected population with strain 𝑘
𝛽𝑘 transmission rate of strain 𝑘

2. For each 𝑘 ∈ ⟦1, 𝑛⟧ there exists 𝛽𝑘 ∈ [0, 𝛽𝑘) such that

𝛽𝑘(𝑎) > 0 a.e. 𝑎 ∈ [𝛽𝑘, 𝛽𝑘).

3. The functions 𝛽𝑘 are uniformly continuous.

We note that the last assumption is to obtain the compactness of the orbits. We remind (see [3, 8].) that we can define the
linear operator 𝐴 ∶ 𝐷(𝐴) ⊂  →  by

𝐴

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑆(
0
𝑥1

)
⋮(
0
𝑥𝑛

)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

−𝜇𝑆𝑆(
−𝑥1(0)

−𝑥′1 − 𝜇1𝑥1

)
⋮(

−𝑥𝑛(0)
−𝑥′

𝑛
− 𝜇𝑛𝑥𝑛

)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
with 𝐷(𝐴) = ℝ × ({0} ×𝑊 1,1(0,∞))𝑛 and  = ℝ × (ℝ × 𝐿1(0,∞))𝑛. We define the sets 0 = 𝐷(𝐴) = ℝ ×
({0} × 𝐿1(0,∞))2 and its positive cone 0+ = ℝ+ × ({0} × 𝐿1

+(0,∞))2. Then we define the part of 𝐴 in 0 as

𝐴0𝑥 = 𝐴𝑥, ∀𝑥 ∈ 𝐷(𝐴0) ∶= {𝑥 ∈ 𝐷(𝐴) ∶ 𝐴𝑥 ∈ 0}.

We also define the non-linear function 𝐹 ∶ 0 →  by

𝐹

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑆(
0
𝑥1

)
⋮(
0
𝑥𝑛

)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

Λ − 𝑆
∑𝑛

𝑘=1∫ ∞
0 𝛽𝑘(𝑎)𝑥𝑘(𝑎)𝑑𝑎(

𝑆∫ ∞
0 𝛽1(𝑎)𝑥1(𝑎)𝑑𝑎

0

)
⋮(

𝑆∫ ∞
0 𝛽𝑛(𝑎)𝑥𝑛(𝑎)𝑑𝑎

0

)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Finally, we define the nonlinear generator

(𝐴 + 𝐹 )𝑢 = 𝐴𝑢 + 𝐹 (𝑢), ∀𝑢 ∈ 𝐷(𝐴)

and the part of 𝐴 + 𝐹 in 0 as

((𝐴 + 𝐹 )0)𝑢 = (𝐴 + 𝐹 )𝑢, ∀𝑢 ∈ 𝐷((𝐴 + 𝐹 )0) = {𝑢 ∈ 𝐷(𝐴) ∶ 𝐴𝑢 + 𝐹 (𝑢) ∈ 0}. (2)

We can then rewrite the model (1) in the following abstract Cauchy form (not densely defined):

⎧⎪⎨⎪⎩
𝑑𝑢

𝑑𝑡
(𝑡) = 𝐴𝑢(𝑡) + 𝐹 (𝑢(𝑡)), ∀𝑡 > 0

𝑢(0) = 𝑢0 ∈ 0.

(3)

Under Assumption 2.1, we can state the following properties (see the proof of [8], Proposition 2.1 in the case 𝑛 = 2):

4 Mathematical Methods in the Applied Sciences, 2026
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Lemma 2.2. Suppose that Assumption 2.1 holds. Then:

1. 𝐴 is a Hille-Yosida operator with (−𝜇0,∞) ⊂ 𝜌(𝐴), where 𝜌(𝐴) denotes the resolvent set of 𝐴 and

||(𝜆𝐼 − 𝐴)−𝑛)||() ≤ 1
(𝜆 + 𝜇0)𝑛

, ∀𝜆 > −𝜇0, ∀𝑛 ≥ 1.

2. 𝐹 is a locally Lipschitz continuous function: ∀𝑟 > 0, ∃𝐾𝑟 > 0 such that

||𝐹 (𝑢0) − 𝐹 (𝑢̃0)|| ≤ 𝐾𝑟||𝑢0 − 𝑢̃0||
for every (𝑢0, 𝑢̃0) ∈ (0 ∩ 𝐵 (0, 𝑟))2 where 𝐵 (0, 𝑟) is the ball centered at 0 ∈  and radius 𝑟.

3. 𝐴 is resolvent positive and for every 𝑟 > 0 there exists𝐾𝑟 such that 𝐹 (𝑢0) +𝐾𝑟𝑢0 ∈ + and 𝐴 −𝐾𝑟𝐼 is resolvent positive
for every 𝑢0 ∈ 0 ∩ 𝐵 (0, 𝑟) ∩ +.

For the second and third points, the constant 𝐾𝑟 can be taken as 𝐾𝑟 ∶= 2𝑟
∑𝑛

𝑘=1||𝛽𝑘||𝐿∞ .

From the above lemma, we deduce (see [3], Proposition 2.1 in the case 𝑛 = 1 or [8], Theorem 2.2 for 𝑛 = 2) the following
result.

Proposition 2.3. Suppose that Assumption 2.1 holds.

1. There exists a unique continuous semiflow {𝑈 (𝑡)}𝑡≥0 on 0+ such that for every 𝑢0 ∈ 0+, there exist 𝑡max(𝑢0) ≤ ∞ and
a continuous map 𝑈 (.)𝑢0 ∈ ([0, 𝑡max),0+) which is a maximal integrated solution of (3), that is,

∫
𝑡

0
𝑈 (𝑠)𝑢0𝑑𝑠 ∈ 𝐷(𝐴), ∀𝑡 ∈ [0, 𝑡max)

and

𝑈 (𝑡)𝑢0 = 𝑢0 + 𝐴∫
𝑡

0
𝑈 (𝑠)𝑢0𝑑𝑠 + ∫

𝑡

0
𝐹 (𝑈 (𝑠)𝑢0)𝑑𝑠, ∀𝑡 ∈ [0, 𝑡max).

2. This solution is global in time, that is, 𝑡max(𝑢0) = +∞ and it induces a continuous semiflow via

Φ ∶ ℝ+ ×𝑋+ ↦ Φ𝑡(𝑧) = (𝑆(𝑡), 𝑥1(𝑡, .),… , 𝑥𝑛(𝑡, .)) =∶ (Φ𝑆
𝑡
,Φ1

𝑡
,… ,Φ𝑛

𝑡
)(𝑧).

The semiflow is rewritten using the following Duhamel formulation

Φ𝑡(𝑧) =
(
0,Φ1,1

𝑡 (𝑧),… ,Φ𝑛,1𝑡 (𝑧)
)
+
(
Φ𝑆
𝑡
(𝑧),Φ1,2

𝑡 (𝑧),… ,Φ𝑛,2𝑡 (𝑧)
)

(4)

with Φ𝑆
𝑡
(𝑧) > 0 for every 𝑡 > 0 and every 𝑧 ∈ 𝑋+. Also for each 𝑘 ∈ ⟦1, 𝑛⟧, we have

⎧⎪⎨⎪⎩
Φ𝑘,1𝑡 (𝑧)(𝑎) = 𝑥𝑘,0(𝑎 − 𝑡)𝑒−∫

𝑎

𝑎−𝑡𝜇𝑘(𝑠)𝑑𝑠𝜒[𝑡,∞)(𝑎)

Φ𝑘,2𝑡 (𝑧)(𝑎) = Φ𝑆
𝑡−𝑎(𝑧)

(
∫

∞

0
𝛽𝑘(𝑠)Φ𝑘𝑡−𝑎(𝑧)(𝑠)𝑑𝑠

)
𝑒−∫ 𝑎0 𝜇𝑘(𝜉)𝑑𝜉𝜒[0,𝑡)(𝑎)

(5)

where 𝑧 = (𝑆0, 𝑥1,0,… , 𝑥𝑛,0) and 𝜒 denotes the characteristic function. Also, for every 𝑢0 ∈ 0+ we have

||𝑈 (𝑡)𝑢0|| ≤ Λ
𝜇0

(
1 − 𝑒−𝜇0𝑡

)
+ ||𝑢0||𝑒−𝜇0𝑡 ≤ max

{
Λ
𝜇0
, ||𝑢0||}, ∀𝑡 ≥ 0. (6)

3. The semiflow Φ is bounded-dissipative on𝑋+, that is, there exists a bounded set (i.e., 𝐵𝑋
(

0, Λ
𝜇0

)
, the ball of 𝑋 centered

at 0 and radius Λ
𝜇0

) which attracts every bounded set of 𝑋+.
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4. The semiflow Φ is state-continuous uniformly in finite time, that is, for every (𝑡, 𝑧) ∈ ℝ+ ×𝑋+ and every 𝜀 > 0, there
exists 𝛿 > 0 such that

||Φ𝑠(𝑧) − Φ𝑠(𝑧̃)||𝑋 ≤ 𝜀, ∀(𝑠, 𝑧̃) ∈ [0, 𝑡] ×𝑋+ such that ||𝑧 − 𝑧̃||𝑋 ≤ 𝛿.
5. The semiflow Φ is asymptotically smooth, that is, for every non-empty, closed, bounded and positively invariant set
𝐵 ⊂ 𝑋+, there exists a compact set 𝐾 ⊂ 𝐵 such that 𝑑(Φ𝑡(𝐵), 𝐾) −−−−→

𝑡→∞
0 where we defined

𝑑(Φ𝑡(𝐵), 𝐾) = sup
𝑧∈𝐵

inf
𝑦∈𝐾

||Φ𝑡(𝑧) − 𝑦||𝑋.
Proof.

1. From Lemma 2.2, 𝐴 is a Hille-Yosida operator, so it generates a locally Lipschitz continuous integrated semigroup
{𝑆𝐴(𝑡)}𝑡≥0 on  (see [23], Theorem 2.4 or [12], Proposition 3.4.3, p. 116). Moreover, Kellermann-Hieber theorem (see
[23] or [12], Theorem 3.6.2, p. 133) implies that for any 𝜏 > 0 and any 𝑓 ∈ 𝐿1((0, 𝜏),), the maps 𝑡 ↦

(
𝑆𝐴 ∗ 𝑓

)
(𝑡)

are continuously differentiable, where ∗ denotes the convolution product:

(𝑆𝐴 ∗ 𝑓 )(𝑡) = ∫
𝑡

0
𝑆𝐴(𝑡 − 𝑠)𝑓 (𝑠)𝑑𝑠

and for all 𝑡 ∈ [0, 𝜏] then

||𝑢𝑓 (𝑡)|| ∶= ‖‖‖‖ 𝑑𝑑𝑡 (𝑆𝐴 ∗ 𝑓 )(𝑡)
‖‖‖‖ ≤ 𝑒−𝜇0𝑡∫

𝑡

0
𝑒𝜇0𝑠||𝑓 (𝑠)||d𝑠 ≤ 𝛿𝐴(𝑡) sup

𝑠∈[0,𝑡]
||𝑓 (𝑠)||. (7)

where 𝛿𝐴(𝑡) = 𝑡 converges to 0 as 𝑡→ 0. Then Assumption 5.1.2 from Reference [12] applies and, since we proved
that𝐹 is locally Lipschitz continuous, [12], Theorem 5.2.7, p. 226 states that there exists a unique maximal integrated
(mild) solution 𝑈 (.)𝑢0 ∈ ([0, 𝑡max),0) (with 𝑡max ≤ ∞) of the problem (3) for each initial condition 𝑢0 ∈ 0. This
solution satisfies:

𝑈 (𝑡)𝑢0 = 𝑇𝐴0
(𝑡)𝑢0 +

𝑑

𝑑𝑡

(
𝑆𝐴 ∗ (𝐹 ∘𝑈 (.)𝑢0)(𝑡)

)
. (8)

where {𝑇𝐴0
}𝑡≥0 is the 0-semigroup on 0 generated by 𝐴0. Note that the existence of {𝑇𝐴0

}𝑡≥0 on𝐷(𝐴0) comes from
the Hille-Yosida Theorem [12], Lemma 2.4.5 while [12], Lemma 2.2.11 implies that𝐷(𝐴0) = 0.

Due to the positive properties stated in Lemma 2.2, we deduce by [12], Proposition 5.3.2, p. 227 that for each 𝑢0 ∈ 0+
the solution satisfies 𝑈 (.)𝑢0 ∈ ([0, 𝑡max),+). This proves the first point.

2. Let 𝑢0 = (𝑆0, (0, 𝑥1,0),… , (0, 𝑥𝑛,0)) ∈ 0+ and 𝑧 ∶= (𝑆0, 𝑥1,0,… , 𝑥𝑛,0) ∈ 𝑋+. First, the formula (5) are derived for every
𝑡 ∈ [0, 𝑡max(𝑢0)) in [8], Theorem 2.2 by the method of characteristics. Next, we have 𝑈 (.)𝑢0 ∈ ([0, 𝑡max(𝑢0)),0+).
Denoting 𝑈 (𝑡)𝑢0 = (𝑆(𝑡), (0, 𝑥1(𝑡, .)),… , (0, 𝑥𝑛(𝑡, .))) for every 𝑡 ∈ [0, 𝑡max(𝑢0)), then the function 𝑡↦ 𝑆(𝑡) belongs to
1([0, 𝑡max(𝑢0)),ℝ+) and the 𝑆-equation of (1) holds. We deduce that

𝑆(𝑡) ≤ 𝑆0𝑒
−𝜇0𝑡 + ∫

𝑡

0

(
Λ − 𝑆(𝑠)

𝑛∑
𝑘=1

∫
∞

0
𝛽𝑘(𝑎)𝑥𝑘(𝑠, 𝑎)𝑑𝑎

)
𝑒−𝜇0(𝑡−𝑠)𝑑𝑠

≤ 𝑆0𝑒
−𝜇0𝑡 + Λ

𝜇0

(
1 − 𝑒−𝜇0𝑡

)
−

𝑛∑
𝑘=1

∫
𝑡

0
𝑆(𝑠)

(
∫

∞

0
𝛽𝑘(𝑎)𝑥𝑘(𝑠, 𝑎)𝑑𝑎

)
𝑒−𝜇0(𝑡−𝑠)𝑑𝑠

On the other hand, using (5) we have

∫
∞

0
𝑥𝑘(𝑡, 𝑎)𝑑𝑎 ≤ ||𝑥𝑘,0||𝐿1𝑒−𝜇0𝑡 + ∫

𝑡

0
𝑆(𝑡 − 𝑎)

(
∫

∞

0
𝛽𝑘(𝑠)𝑥𝑘(𝑡 − 𝑎, 𝑠)𝑑𝑠

)
𝑒−𝜇0𝑎𝑑𝑎.

It follows that (6) holds for every 𝑡 ∈ [0, 𝑡max(𝑢0)) whence the solution 𝑈 (.)𝑢0 is global in time (otherwise the norm
should explode at 𝑡max(𝑢0)). We deduce the existence of the continuous semiflow:

Φ ∶ ℝ+ ×𝑋+ ∋ (𝑡, 𝑧) ↦ (𝑆(𝑡), 𝑥1(𝑡, .),… , 𝑥𝑛(𝑡, .)) ∈ 𝑋+

6 Mathematical Methods in the Applied Sciences, 2026
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with the bijection
𝑧 ∶= (𝑆0, 𝑥1,0,… , 𝑥𝑛,0) ∈ 𝑋+ ↦ 𝑢0 = (𝑆0, (0, 𝑥1,0),… , (0, 𝑥𝑛,0)) ∈ 0+.

This proves the second point.

3. Let 𝐵 ⊂ 𝑋+ be a bounded subset and let 𝑧 ∶= (𝑆0, 𝑥1,0,… , 𝑥𝑛,0) ∈ 𝐵. From Equation (6), we know that

||Φ𝑡(𝑧)||𝑋 ≤ Λ
𝜇0

(
1 − 𝑒−𝜇0𝑡

)
+ ||𝑧||𝑋𝑒−𝜇0𝑡, ∀𝑡 ≥ 0.

It shows that lim𝑡→+∞ ||Φ𝑡(𝑧)||𝑋 ≤ Λ
𝜇0

uniformly in 𝑧 ∈ 𝐵. In conclusion, we get

𝑑

(
Φ𝑡(𝐵), 𝐵𝑋

(
0, Λ
𝜇0

))
−−−−→
𝑡→∞

0

and Φ is bounded-dissipative on𝑋+.

4. Let 𝑢0 ∈ 0+. Then 𝑈 (.)𝑢0 ∈ (ℝ+,0+). Let 𝑡 ≥ 0, 𝜀 > 0 and define

𝑟 = max
{

Λ
𝜇0
, ||𝑢0|| + 𝜀

}
, 𝛿 = 𝜀𝑒−𝐾𝑟𝑡

where𝐾𝑟 is as in Lemma 2.2. Let 𝑢̃0 ∈ 0+ such that ||𝑢0 − 𝑢̃0|| ≤ 𝛿. We have𝑈 (.)𝑢̃0 ∈ (ℝ+,0+) and 𝐹 is Lipschitz
continuous whence𝐹 ∘𝑈 (.)𝑢0 and𝐹 ∘𝑈 (.)𝑢̃0 belong to𝐿1([0, 𝑡],). Also we have (𝑈 (𝑠)𝑢0, 𝑈 (𝑠)𝑢̃0) ∈ (0+ ∩ 𝐵 (0, 𝑟))2

for every 𝑠 ∈ [0, 𝑡] by using (6) and since ||𝑢̃0|| ≤ 𝛿 + ||𝑢0|| ≤ 𝑟. From Equation (8), we deduce that for every 𝑠 ∈
[0, 𝑡):

𝑈 (𝑠)𝑢̃0 − 𝑈 (𝑠)𝑢0 = 𝑇𝐴0
(𝑠)(𝑢̃0 − 𝑢0) +

𝑑

𝑑𝑡

(
𝑆𝐴 ∗ ((𝐹 ∘𝑈 (.)𝑢̃0) − (𝐹 ∘𝑈 (.)𝑢0))(𝑠)

)
.

From [12], Lemma 2.2.10, p. 65, we have 𝜌(𝐴0) = 𝜌(𝐴) whence Hille-Yosida theorem states that

||𝑇𝐴0
(𝑠)(𝑢̃0 − 𝑢0)|| ≤ 𝑒−𝜇0𝑠||𝑢̃0 − 𝑢0|| ≤ 𝛿, ∀𝑠 ∈ [0, 𝑡].

Using again Kellermann-Hieber theorem then (7) holds and we deduce that

||𝑈 (𝑠)𝑢̃0 − 𝑈 (𝑠)𝑢0|| ≤ 𝛿 + ∫
𝑠

0
||𝐹 (𝑈 (𝜉)𝑢̃0) − 𝐹 (𝑈 (𝜉)𝑢0)||𝑑𝜉, ∀𝑠 ∈ [0, 𝑡].

It follows from Lemma 2.2 that

||𝑈 (𝑠)𝑢̃0 − 𝑈 (𝑠)𝑢0|| ≤ 𝛿 +𝐾𝑟∫
𝑠

0
||𝑈 (𝜉)𝑢̃0 − 𝑈 (𝜉)𝑢0||𝑑𝜉, ∀𝑠 ∈ [0, 𝑡]

which leads, by means of Gronwall’s inequality, to

||𝑈 (𝑠)𝑢̃0 − 𝑈 (𝑠)𝑢0|| ≤ 𝛿𝑒𝐾𝑟𝑠 ≤ 𝜀, ∀𝑠 ∈ [0, 𝑡]

which proves the point.

5. From the decomposition (4), we see that the function 𝜂 ∶ ℝ+ ×ℝ+ ∋ (𝑡, 𝑟) ↦ 𝑛𝑟𝑒−𝜇0𝑡 ∈ ℝ+ satisfies:

∀𝑟 > 0 ∶ lim
𝑡→+∞

𝜂(𝑡, 𝑟) = 0

and ||(0,Φ1,1
𝑡 ,… ,Φ𝑛,1𝑡 )||𝑋 ≤ 𝜂(𝑡, 𝑟), ∀(𝑡, 𝑧) ∈ ℝ+ ×𝑋+ such that ||𝑧||𝑋 ≤ 𝑟.

Let 𝑡 > 0 and 𝑘 ∈ ⟦1, 𝑛⟧. We want to show that the operator Φ𝑘,2𝑡 ∶ 𝑋+ → 𝐿1(ℝ+) is compact. Let  ⊂ 𝑋+ be a
bounded subset and 𝑟 = sup𝑧∈ ||𝑧||𝑋 . We use Riez-Frchet-Kolmogorov theorem [24], Theorem X.1, p. 275 to prove
that {Φ𝑘,2𝑡 (𝑧), 𝑧 ∈ } is relatively compact in 𝐿1. First, using (6) we get

sup
𝑧∈

||Φ𝑘,2𝑡 (𝑧)||𝐿1 ≤
(

max
{

Λ
𝜇0
, 𝑟

})
< +∞.

Mathematical Methods in the Applied Sciences, 2026 7
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Secondly, let ℎ > 0 then clearly

sup
𝑧∈∫

∞

ℎ

Φ𝑘,2𝑡 (𝑧)(𝑎)𝑑𝑎−−−−−−→
ℎ→+∞

0.

since Φ𝑘,2𝑡 (𝑧)(𝑎) = 0 for 𝑎 > 𝑡. Thirdly, let ℎ > 0 such that 𝑡 − ℎ > 0. Let us define

𝐵𝑧
𝑘
(𝑠) = Φ𝑘

𝑠
(𝑧)(0) = Φ𝑆

𝑠
(𝑧)∫

∞

0
𝛽𝑘(𝑎)Φ𝑘𝑠 (𝑧)(𝑎)𝑑𝑎, ∀(𝑧, 𝑠) ∈  ×ℝ+

whence
Φ𝑘,2
𝑠
(𝑧)(𝑎) = 𝐵𝑧

𝑘
(𝑠 − 𝑎)𝜋𝑘(𝑎)𝜒[0,𝑠)(𝑎), ∀(𝑧, 𝑠, 𝑎) ∈  × [0, 𝑡] ×ℝ+.

Using (6) we have

𝐵𝑧
𝑘
(𝑠) ≤ ||𝛽𝑘||𝐿∞

(
max

{
Λ
𝜇0
, 𝑟

})2

=∶ 𝑐1, ∀(𝑧, 𝑠) ∈  ×ℝ+

and with the 𝑆-equation of (1) we get

|||||𝑑Φ
𝑆
𝑠
(𝑧)

𝑑𝑠

||||| ≤ Λ + 𝜇𝑆 max
{

Λ
𝜇0
, 𝑟

}
+
(

max
{

Λ
𝜇0
, 𝑟

})2 𝑛∑
𝑗=1

||𝛽𝑗||𝐿∞ =∶ 𝑐2, ∀(𝑧, 𝑠) ∈  ×ℝ+

leading to |Φ𝑆
𝑠+ℎ(𝑧) − Φ𝑆

𝑠
(𝑧)| ≤ 𝑐2ℎ, ∀(𝑧, 𝑠) ∈  ×ℝ+.

We remark that

𝐵𝑧
𝑘
(𝑠) = Φ𝑆

𝑠
(𝑧)∫

𝑠

0
𝛽𝑘(𝑎)𝐵𝑧𝑘(𝑠 − 𝑎)𝑒

−∫ 𝑎0 𝜇(𝜉)𝑑𝜉𝑑𝑎 + Φ𝑆
𝑠
(𝑧)∫

∞

0
𝛽𝑘(𝑎 + 𝑠)Φ𝑘0(𝑧)(𝑎)𝑒

−∫ 𝑎+𝑠
𝑎
𝜇𝑘(𝜉)𝑑𝜉𝑑𝑎

for every (𝑧, 𝑠) ∈  ×ℝ+ whence

|𝐵𝑧
𝑘
(𝑠 + ℎ) − 𝐵𝑧

𝑘
(𝑠)| ≤ 𝑐3(ℎ) + ||𝛽𝑘||𝐿∞ max

{
Λ
𝜇0
, 𝑟

}
∫

𝑠

0
|𝐵𝑧
𝑘
(𝑠 + ℎ − 𝑎) − 𝐵𝑧

𝑘
(𝑠 − 𝑎)|𝑑𝑎, ∀(𝑧, 𝑠) ∈  ×ℝ+

where

𝑐3(ℎ) ∶= 𝑟max
{

Λ
𝜇0
, 𝑟

}(
𝑐1ℎ||𝛽𝑘||𝐿∞ + sup

𝑎≥0
|𝛽𝑘(𝑎 + ℎ) − 𝛽𝑘(𝑎)| + (1 − 𝑒−ℎ||𝜇𝑘||𝐿∞ )||𝛽𝑘||𝐿∞

)
+ 𝑐2ℎ||𝛽𝑘||𝐿∞

(
𝑐1

𝜇0
+ 𝑟

)
with 𝑐3(ℎ) −−−−→

ℎ→0
0 uniformly in 𝑧 ∈  since 𝛽𝑘 is uniformly continuous by Assumption 2.1. From Gronwall’s inequal-

ity, we deduce that

|𝐵𝑧
𝑘
(𝑠 + ℎ) − 𝐵𝑧

𝑘
(𝑠)| ≤ 𝑐3(ℎ) exp

(
𝑟(𝑡 + ℎ) × max

{
Λ
𝜇0
, 𝑟

})
= 𝑐4(ℎ), ∀(𝑧, 𝑠) ∈  × [0, 𝑡].

Thus, it follows:

∫ℝ
|Φ𝑘,2𝑡 (𝑧)(𝑎 + ℎ) − Φ𝑘,2𝑡 (𝑧)(𝑎)|𝑑𝑎 ≤ ∫

𝑡−ℎ

−ℎ
|𝐵𝑧
𝑘
(𝑡 − (𝑎 + ℎ)) − 𝐵𝑧

𝑘
(𝑡 − 𝑎))|𝜋𝑘(𝑎 + ℎ)𝑑𝑎

+ ∫
𝑡−ℎ

−ℎ
𝐵𝑧
𝑘
(𝑡 − 𝑎)|𝜋𝑘(𝑎 + ℎ) − 𝜋𝑘(𝑎)|𝑑𝑎 + ∫

0

−ℎ
𝐵𝑧
𝑘
(𝑡 − 𝑎)𝜋𝑘(𝑎)𝑑𝑎 + ∫

𝑡

𝑡−ℎ
𝐵𝑧
𝑘
(𝑡 − 𝑎)𝜋𝑘(𝑎)𝑑𝑎

whence

∫
∞

0
|Φ𝑘,2𝑡 (𝑧)(𝑎 + ℎ) − Φ𝑘,2𝑡 (𝑧)(𝑎)|𝑑𝑎 ≤ 𝑡𝑐4(ℎ) + 𝑡𝑐1(1 − 𝑒−ℎ||𝜇𝑘||𝐿∞ ) + 2ℎ𝑐1 −−−−→

ℎ→0
0

8 Mathematical Methods in the Applied Sciences, 2026
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uniformly in 𝑧 ∈ . It follows that the operator Φ𝑘,2𝑡 is compact for each 𝑡 > 0. In conclusion the operator
(Φ𝑆

𝑡
,Φ1,2

𝑡 ,… ,Φ𝑛,2𝑡 ) is compact since the range of Φ𝑆
𝑡

is finite dimensional. It proves the relative compactness of
the positive orbits by using [14], Proposition 3.13, p. 100, for each 𝑧 ∈ 𝑋+ and also that the semiflow {Φ𝑡}𝑡≥0 is
asymptotically smooth (see [15], Lemma 3.2.6, p. 38 or [18], Theorem 2.46, p. 51). ◽

Corollary 2.4. Suppose that Assumption 2.1 holds. There exists a strong global attractor  ⊂ 𝑋+, that is,  is a
non-empty, compact, and invariant subset that attracts every bounded subset of 𝑋+. This attractor satisfies  ⊂ 𝐵𝑋

(
0, Λ
𝜇0

)
which is the ball centered at 0 ∈ 𝑋 with radius Λ

𝜇0
. The set  is locally asymptotically stable (LAS), that is, for every neigh-

borhood  of , there exists a neighborhood  ⊂  of  such that Φ𝑡() ⊂  for every 𝑡 ≥ 0 and there exists moreover a
neighborhood  of  such that  attracts  . Finally, the following holds:

∃ 𝑐𝑆 > 0 ∶ ∀(𝑆0, 𝑥1,0,… , 𝑥𝑛,0) ∈ , Λ
𝜇0

≥ 𝑆0 ≥ 𝑐𝑆. (9)

The constant 𝑐𝑆 can be taken as 𝑐𝑆 ∶= Λ
𝜇𝑆 + Λ

𝜇0

∑𝑛

𝑘=1||𝛽𝑘||𝐿∞

.

Proof. First, we see that orbits of bounded sets are bounded since

||Φ𝑡(𝑧)||𝑋 ≤ max
{||𝑧||𝑋, Λ𝜇0

}
, ∀𝑡 ≥ 0

by using (6). Using [18], Theorem 2.33, p. 43 (see also [15], Theorem 3.4.6, p. 39), we deduce that there exists a strong
global attractor  ⊂ 𝑋+. This attractor  is locally asymptotically stable according to [15], Theorem 3.4.2, p. 39 or [18],
Theorem 2.39 p. 47. Moreover, since Φ is bounded dissipative by Proposition 2.3 and since  is compact and invariant
then for every 𝑡 ≥ 0:

𝑑

(
, 𝐵𝑋

(
0, Λ
𝜇0

))
= 𝑑

(
Φ𝑡(), 𝐵𝑋

(
0, Λ
𝜇0

))
−−−−→
𝑡→∞

0

whence  ⊂ 𝐵𝑋
(
0, Λ
𝜇0

)
.

For the last point, let 𝑧 ∶= (𝑆0, 𝑥1,0,… , 𝑥𝑛,0) ∈ . By invariance of  there exists a complete orbit {𝜙(𝑡), 𝑡 ∈ ℝ} ⊂ 
through 𝑧, that satisfies ||𝜙(𝑡)||𝑋 ≤ Λ

𝜇0
for every 𝑡 ∈ ℝ. From Equation (1), we get

𝑑Φ𝑆
𝑡
(𝜙(𝑠))
𝑑𝑡

≥ Λ −

(
𝜇𝑆 + Λ

𝜇0

𝑛∑
𝑘=1

||𝛽𝑘||𝐿∞

)
Φ𝑆
𝑡
(𝜙(𝑠)), ∀(𝑡, 𝑠) ∈ ℝ∗

+ ×ℝ

leading for every (𝑡, 𝑠) ∈ ℝ+ ×ℝ to

Φ𝑆
𝑡
(𝜙(𝑠)) ≥ Λ

𝜇𝑆 + Λ
𝜇0

∑𝑛

𝑘=1||𝛽𝑘||𝐿∞

(
1 − 𝑒−(𝜇𝑆+

Λ
𝜇0

∑𝑛
𝑘=1||𝛽𝑘||𝐿∞)𝑡

)
−−−−−→
𝑡→+∞

Λ
𝜇𝑆 + Λ

𝜇0

∑𝑛

𝑘=1||𝛽𝑘||𝐿∞

= 𝑐𝑆.

Let 𝜀 > 0 then there exists 𝑡∗ ≥ 0 such that for every 𝑡 ≥ 𝑡∗ we have Φ𝑆
𝑡
(𝜙(𝑠)) ≥ 𝑐𝑆 − 𝜀 for every 𝑠 ∈ ℝ. Taking 𝑠 = −𝑡 leads

to 𝑆0 ≥ 𝑐𝑆 − 𝜀 for any 𝜀 > 0, whence (9) holds. ◽

As it is proved in [8], Proposition 4.4.4 in the case 𝑛 = 2, we know that for each 𝑘 ∈ ⟦1, 𝑛⟧, the sets𝑘 and 𝜕𝑘 are positively
invariant. Also, we see that if 𝑧 ∈ 𝜕𝑘 then

||Φ𝑘
𝑡
(𝑧)||𝐿1(ℝ+) ≤ ||𝑥0,𝑘||𝐿1(ℝ+)𝑒

−𝜇0𝑡, ||𝛽𝑘𝑥𝑘(𝑡, .)||𝐿1 = 0 ∀𝑡 ≥ 0 (10)

which reduces the problem to the 𝑛 − 1 populations model. Without loss of generality, we may assume that

0,1 ≥ 0,2 ≥ · · · ≥ 0,𝑛. (11)

We define now the following indexing:

𝜎0 = 0, 𝜎𝑘 = max{𝑗 ∈ ⟦1, 𝑛⟧ ∶ 0,𝑗 = 0,1+𝜎𝑘−1
} ∀𝑘 ∈ ⟦1, 𝑛⟧

Mathematical Methods in the Applied Sciences, 2026 9

 10991476, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/m

m
a.70967 by U

niversité de M
ontpellier, W

iley O
nline L

ibrary on [22/09/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



where 𝑛 ∈ ⟦1, 𝑛⟧ is the number of different reproduction numbers and satisfies 𝜎𝑛 = 𝑛. For example, if 𝑛 = 1 or if all
reproduction numbers are equal, then 𝑛 = 1; while in the case where each reproduction number is different, then 𝑛 = 𝑛.
We denote by 𝑛> ∈ ⟦0, 𝑛⟧ the number of different reproduction numbers that are bigger than one, which is such that

0,𝑘 > 1, ∀𝑘 ∈ ⟦1, 𝜎𝑛>⟧.
With these notations, we can describe the different equilibria. First, there is the disease-free equilibrium:

𝐸0 =
(
𝑆∗

0 , 0(𝐿1(ℝ+))𝑛
)
=
(

Λ
𝜇𝑆
, 0,… , 0

)
∈ 𝑋+

which always exist. Second, if 𝑛> ≥ 1 then for each 𝑘 ∈ ⟦1, 𝑛>⟧ the following set of equilibria exists:

∗
𝑘
=

{
𝐸∗,𝑘
𝛼1,…,𝛼𝑛

∶ (𝛼1,… , 𝛼𝑛) ∈ [0, 1]𝑛,
𝜎𝑘∑

𝑗=1+𝜎𝑘−1

𝛼𝑗 = 1, 𝛼𝑗 = 0 ∀𝑗 ∈ ⟦1, 𝜎𝑘−1⟧ ∪ ⟦1 + 𝜎𝑘, 𝑛⟧} (12)

where ⎧⎪⎪⎨⎪⎪⎩

𝐸∗,𝑘
𝛼1,…,𝛼𝑛

= (𝑆∗
𝜎𝑘
, 𝑥∗1,𝛼1

, · · · , 𝑥∗
𝑛,𝛼𝑛

),

𝑆∗
𝜎𝑘

= 1
𝑟𝜎𝑘
,

𝑥∗
𝑗,𝛼𝑗

(𝑎) =
𝜇𝑆(0,𝑗 − 1)

𝑟𝑗
𝛼𝑗𝜋𝑗(𝑎), ∀(𝑗, 𝑎) ∈ ⟦1, 𝑛⟧ ×ℝ+.

We can note that if for some 𝑘we have 𝜎𝑘 = 1 + 𝜎𝑘−1 (e.g., if 𝑛 = 1), then ∗
𝑘

is reduced to a single equilibrium (otherwise
there are an infinite number of equilibria). Following the classical notations (see [15]), we denote for 𝑧 ∈ 𝑋:

𝛾+(𝑧) =
{
Φ𝑡(𝑧)), 𝑡 ≥ 0

}
, 𝜔(𝑧) =

⋂
𝜏≥0

{Φ𝑡(𝑧), 𝑡 ≥ 𝜏}

respectively the positive orbit starting from 𝑧 and the 𝜔-limit set of 𝑧. Also, let a function 𝜙 ∶ (−∞, 0] → 𝑋 such that
𝜙(0) = 𝑧 and for any 𝑠 ≤ 0, Φ𝑡(𝜙(𝑠)) = 𝜙(𝑡 + 𝑠) for each 0 ≤ 𝑡 ≤ −𝑠, then the set {𝜙(𝑠), 𝑠 ≤ 0} is called a negative orbit
through 𝑧, denoted by 𝛾−(𝑧). Similarly, for a function𝜙 ∶ ℝ → 𝑋 such that𝜙(0) = 𝑧 and for each 𝑠 ∈ ℝ,Φ𝑡(𝜙(𝑠)) = 𝜙(𝑡 + 𝑠)
for every 𝑡 ≥ 0, then the set {𝜙(𝑠), 𝑠 ∈ ℝ} is called a complete orbit through 𝑧, denoted by 𝛾(𝑧). We define the set

𝐻(𝑡, 𝑧) = {𝑦 ∈ 𝑋 ∶ there is a negative orbit through 𝑧 defined by 𝜙 ∶ (−∞, 0] → 𝑋,𝜙(0) = 𝑧 and 𝜙(−𝑡) = 𝑦}

and the 𝛼-limit set of 𝑧 as
𝛼(𝑧) =

⋂
𝜏≥0

{𝐻(𝑡, 𝑧), 𝑡 ≥ 𝜏}.

For a given complete orbit 𝛾(𝑧) = {𝜙(𝑠), 𝑠 ∈ ℝ}, we define the 𝛼-limit set of the orbit similarly as

𝛼(𝜙) = 𝛼(𝛾(𝑧)) =
⋂
𝜏≥0

{𝜙(−𝑡), 𝑡 ≥ 𝜏}.

Furthermore, we define the sets
Γ−(𝑧) =

⋃
𝑡≥0
𝐻(𝑡, 𝑧), Γ(𝑧) = Γ−(𝑧) ∪ 𝛾+(𝑧)

that contain respectively all negative and complete orbits through 𝑧. To obtain results about the asymptotic behavior of
the solutions, we will make use of Lyapunov functionals. To this end, we define the following key function

𝑔 ∶ ℝ∗
+ ∋ 𝑥 ↦ 𝑥 − ln(𝑥) − 1 ∈ ℝ+

and for each 𝑘 ∈ ⟦1, 𝑛⟧ we define the function Ψ𝑘 ∈ 𝐿∞
+ (0,∞) by

Ψ𝑘(𝑎) =
1
𝑟𝑘∫

∞

𝑎

𝛽𝑘(𝑠)𝑒−∫
𝑠

𝑎
𝜇𝑘(𝜉)𝑑𝜉𝑑𝑠.

10 Mathematical Methods in the Applied Sciences, 2026
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We now define for every 𝑧 ∶= (𝑆0, 𝑥1,0,… , 𝑥𝑛,0) the functional

𝐿0 ∶ 𝑧↦ 𝑆∗
0𝑔

(
𝑆0

𝑆∗
0

)
+

𝑛∑
𝑘=1

∫
∞

0
Ψ𝑘(𝑎)𝑥𝑘,0(𝑎)𝑑𝑎 (13)

and for each 𝑘 ∈ ⟦1, 𝑛⟧ we define the functional

𝐿
𝛼1+𝜎𝑘−1 ,…,𝛼𝜎𝑘
𝑘

∶ 𝑧↦ 𝑆∗
𝜎𝑘
𝑔

(
𝑆0

𝑆∗
𝜎𝑘

)
+

𝑛∑
𝑗=1∫

∞

0
𝜂𝑗Ψ𝑗(𝑎)𝑥𝑗,0(𝑎)𝑑𝑎 +

𝑛∑
𝑗=1∫

∞

0
(1 − 𝜂𝑗)Ψ𝑗(𝑎)𝑥∗𝑗,𝛼𝑗 (𝑎)𝑔

(
𝑥𝑗,0(𝑎)
𝑥∗𝑗,𝛼𝑗

(𝑎)

)
𝑑𝑎 (14)

where

𝜂𝑗 =

{
1 if 𝑗 ∈ ⟦1, 𝜎𝑘−1⟧ ∪ ⟦1 + 𝜎𝑘, 𝑛⟧ or if 𝛼𝑗 = 0
0 else.

Under these assumptions, we can state the main result of the paper.

Theorem 2.5. Suppose that (11) and Assumption 2.1 hold.

1. The disease-free equilibrium 𝐸0 is GAS on 𝑋+ if 𝑛> = 0 and in (∩𝜎𝑛>
𝑗=1𝜕𝑗) otherwise. Moreover, let 𝐾 ⊂ (∩𝜎𝑛>

𝑗=1𝜕𝑗) be a
compact invariant, then the functional𝐿0 defined by (13) is a Lyapunov functional on every complete orbit 𝛾(𝑧) for any
𝑧 ∈ 𝐾 .

2. For every 𝑘 ∈ ⟦1, 𝑛>⟧, the set ∗
𝑘

is GAS in (∩𝜎𝑘−1
𝑗=1 𝜕𝑗) ∩ (∪𝜎𝑘

𝑗=1+𝜎𝑘−1
𝑗). More precisely: For each non-empty subset  ⊂⟦1 + 𝜎𝑘−1, 𝜎𝑘⟧, the set of equilibria

∗
𝑘, ∶= {𝐸∗,𝑘

𝛼1,…,𝛼𝑛
= (𝑆∗

𝜎𝑘
, 𝑥∗1,𝛼1

,… , 𝑥∗
𝑛,𝛼𝑛

) ∈ ∗
𝑘
∶ 𝛼𝑗 = 0 ∀𝑗 ∈ ⟦1, 𝑛⟧ ⧵  } (15)

is GAS in (∩𝜎𝑘−1
𝑗=1 𝜕𝑗) ∩ (∪𝑗∈ 𝑗) ∩ (∩𝑗∈⟦1+𝜎𝑘−1,𝜎𝑘⟧⧵ 𝜕𝑗). Also, let 𝐾 be a compact invariant such that 𝐾 ⊂ (∩𝜎𝑘−1

𝑗=1 𝜕𝑗) ∩
(∩𝑗∈ 𝑗) ∩ (∩𝑗∈⟦1+𝜎𝑘−1,𝜎𝑘⟧⧵ 𝜕𝑗) then the functional 𝐿

𝛼1+𝜎𝑘−1 ,…,𝛼𝜎𝑘
𝑘

defined by (14), where (𝛼1,… , 𝛼𝑛) is such that
𝐸∗,𝑘
𝛼1,…,𝛼𝑛

∈ ∗
𝑘, , is a Lyapunov functional on every complete orbit 𝛾(𝑧) for any 𝑧 ∈ 𝐾 .

Beyond its theoretical significance, this theorem has several biological implications:

– a strain 𝑘 that has a basic reproduction number smaller than or equal to one, that is 0,𝑘 ≤ 1, will disappear.

– a strain 𝑘 that is too old to ever reproduce, that is 𝑧 ∈ 𝜕𝑘, will disappear.

– a strain 𝑘 with a basic reproduction number bigger than one and young enough to reproduce, that is 0,𝑘 > 1 and
𝑧 ∈ 𝑘, will persist asymptotically if and only if there exists no strain 𝑗 young enough to reproduce and with bigger
basic reproduction number, that is 𝑧 ∈ 𝑗 and 0,𝑗 > 0,𝑘.

The last point is mainly a competitive exclusion principle, but where multiple populations can survive provided that they
share the same largest basic reproduction number and that they are all young enough to reproduce.

3 | Proof of the Global Stability

In this section we prove Theorem 2.5 by induction on 𝑛 ≥ 1. The initialization is clear since it is handled in Reference [3].

Let 𝑛 ≥ 2, and we suppose that the statements of Theorem 2.5 are true for 𝑛 − 1 (in other words, for the system (1) with
only 𝑛 − 1 infected populations, the asymptotic behavior is known for every case). We will prove that the statements are
still true for 𝑛.

If 𝑧 ∈ 𝜕1, then Φ𝑡(𝑧) ∈ 𝜕1 by invariance of 𝜕1 and from Equation (10) it is clear that ||𝑥1(𝑡, .)||𝐿1(ℝ+) → 0 when 𝑡 → ∞.
Consequently, the model (1) is reduced to 𝑛 − 1 populations (which are ⟦2, 𝑛⟧), and by the recurrence hypothesis we get
the first item when 𝑛> ≠ 0, and the second item is also true for every 𝑘 ∈ ⟦2, 𝑛>⟧.

In all that follows, we assume that (11) and Assumption 2.1 hold. We start with the following lemmas.

Mathematical Methods in the Applied Sciences, 2026 11
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Lemma 3.1. Let 𝑣 ∈ , then the function 𝑡↦ 𝐿0(Φ𝑡(𝑣)) is well-defined on ℝ+ and for every 𝑡 > 0 it satisfies

𝑑𝐿0(Φ𝑡(𝑣))
𝑑𝑡

= −
(Λ − 𝜇𝑆Φ𝑆𝑡 (𝑣))

2

𝜇𝑆Φ𝑆𝑡 (𝑣)
+

𝑛∑
𝑘=1

(0,𝑘 − 1
𝑟𝑘

)
∫

∞

0
𝛽𝑘(𝑎)Φ𝑘𝑡 (𝑣)(𝑎)𝑑𝑎. (16)

In particular 𝐿0 is a Lyapunov functional on  ∩
(⋂𝜎𝑛>

𝑗=1𝜕𝑗
)

.

Proof. Using (9) implies that 𝐿0(Φ𝑡(𝑣)) is well-defined on ℝ+. Let 𝑣 ∶= (𝑆0, 𝑥1,0,… , 𝑥𝑛,0) ∈  and 𝑣 ∶=
(𝑆0, (0, 𝑥1,0),… , (0, 𝑥𝑛,0)) ∈ +. If 𝑣 ∈ 𝐷((𝐴 + 𝐹 )0) ∩ 0+ (we remind the definition (2)) then using [12], Theorem
5.6.6, p. 242 we may compute the derivative of the function 𝑡↦ 𝐿0(Φ𝑡(𝑣)) according to 𝑡 since Φ𝑘

𝑡
(𝑣) belongs to𝑊 1,1(0,∞)

for each 𝑡 ≥ 0 and every 𝑘 ∈ ⟦1, 𝑛⟧. Similar computations to [8], Proposition 5.3.1 lead, for every 𝑡 > 0, to (16), which can
be rewritten in the following form for every 𝑡 ≥ 0

𝐿0(Φ𝑡(𝑣)) = 𝐿0(𝑣) − ∫
𝑡

0

(Λ − 𝜇𝑆Φ𝑆𝜉 (𝑣))
2

𝜇𝑆Φ𝑆𝜉 (𝑣)
𝑑𝜉 +

𝑛∑
𝑘=1

(0,𝑘 − 1
𝑟𝑘

)
∫

𝑡

0 ∫
∞

0
𝛽𝑘(𝑎)Φ𝑘𝜉 (𝑣)(𝑎)𝑑𝑎𝑑𝜉. (17)

If 𝑣 ∉ 𝐷((𝐴 + 𝐹 )0) ∩ 0+ then we let 𝑡 ≥ 0 and we use the density of 𝐷((𝐴 + 𝐹 )0) ∩ 0+ into 0+ (see [12], Lemma 5.6.7,
p. 243) to compute the derivative of the function 𝐿0 along the solution of (1) for the initial condition 𝑣. Thus, we can
assert that

∃ (𝑣(𝑚))𝑚∈ℕ ⊂ (𝐷((𝐴 + 𝐹 )0) ∩ 0+)ℕ ∶ ||𝑣(𝑚) − 𝑣|| −−−−−→
𝑚→∞

0

where 𝑣(𝑚) = (𝑆 (𝑚)
0 , (0, 𝑥(𝑚)1,0 ),… , (0, 𝑥(𝑚)

𝑛,0 )) ∈ 𝐷((𝐴 + 𝐹 )0) ∩ 0+. Denoting 𝑣(𝑚) = (𝑆 (𝑚)
0 , 𝑥

(𝑚)
1,0 ,… , 𝑥

(𝑚)
𝑛,0 ) ∈ 𝑋+ and using

Proposition 2.3 (4), we see that this sequence satisfies

sup
𝑠∈[0,𝑡]

||Φ𝑠(𝑣(𝑚)) − Φ𝑠(𝑣)||𝑋 −−−−−→
𝑚→∞

0.

Let 𝜀 > 0 be small enough and 𝑚𝜀 ∈ ℕ such that

||𝑣(𝑚) − 𝑣|| ≤ 𝜀, sup
𝑠∈[0,𝑡]

||Φ𝑠(𝑣(𝑚)) − Φ𝑠(𝑣)||𝑋 ≤ 𝜀, ∀𝑚 ≥ 𝑚𝜀. (18)

Using (9) we get 𝑆 (𝑚)
0 ≥ 𝑐𝑆 − 𝜀 > 0 for each𝑚 ≥ 𝑚𝜀 so it is clear that the function 𝑠↦ 𝐿0(Φ𝑠(𝑣(𝑚))) is well-defined on [0, 𝑡]

and its derivative can be computed as for (16) leading to

𝐿0(Φ𝑠(𝑣(𝑚))) = 𝐿0(𝑣(𝑚)) − ∫
𝑠

0

(Λ − 𝜇𝑆Φ𝑆𝜉 (𝑣
(𝑚)))2

𝜇𝑆Φ𝑆𝜉 (𝑣(𝑚))
𝑑𝜉 +

𝑛∑
𝑘=1

(0,𝑘 − 1
𝑟𝑘

)
∫

𝑠

0 ∫
∞

0
𝛽𝑘(𝑎)Φ𝑘𝜉 (𝑣

(𝑚))(𝑎)𝑑𝑎𝑑𝜉

for every 𝑠 ∈ [0, 𝑡] and every 𝑚 ≥ 𝑚𝜀. The goal is to show that

𝐿0(Φ𝑠(𝑣)) = 𝐿0(𝑣) − ∫
𝑠

0

(Λ − 𝜇𝑆Φ𝑆𝜉 (𝑣))
2

𝜇𝑆Φ𝑆𝜉 (𝑣)
𝑑𝜉 +

𝑛∑
𝑘=1

(0,𝑘 − 1
𝑟𝑘

)
∫

𝑠

0 ∫
∞

0
𝛽𝑘(𝑎)Φ𝑘𝜉 (𝑣)(𝑎)𝑑𝑎𝑑𝜉. (19)

For this, we compute for every 𝑠 ∈ [0, 𝑡]

||||||𝐿0(Φ𝑠(𝑣)) − 𝐿0(𝑣) + ∫
𝑠

0

(Λ − 𝜇𝑆Φ𝑆𝜉 (𝑣
(𝑚)))2

𝜇𝑆Φ𝑆𝜉 (𝑣(𝑚))
𝑑𝜉 −

𝑛∑
𝑘=1

(0,𝑘 − 1
𝑟𝑘

)
∫

𝑠

0 ∫
∞

0
𝛽𝑘(𝑎)Φ𝑘𝜉 (𝑣

(𝑚))(𝑎)𝑑𝑎𝑑𝜉
||||||

≤ |||𝐿0(Φ𝑠(𝑣)) − 𝐿0(Φ𝑠(𝑣(𝑚)))
||| + 𝑠 × sup

𝜉∈[0,𝑠]

||||||
(Λ − 𝜇𝑆Φ𝑆𝜉 (𝑣))

2

𝜇𝑆Φ𝑆𝜉 (𝑣)
−

(Λ − 𝜇𝑆Φ𝑆𝜉 (𝑣
(𝑚)))2

𝜇𝑆Φ𝑆𝜉 (𝑣(𝑚))

||||||
+ |||𝐿0(𝑣) − 𝐿0(𝑣(𝑚))

||| + 𝑛∑
𝑘=1

(0,𝑘 − 1
𝑟𝑘

)
𝑠 × ||𝛽𝑘||𝐿∞ sup

𝜉∈[0,𝑠]
||Φ𝑘

𝜉
(𝑣) − Φ𝑘

𝜉
(𝑣(𝑚))||

12 Mathematical Methods in the Applied Sciences, 2026
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Since  is invariant then by using (9) we get Φ𝑆
𝑠
(𝑣) ∈ [𝑐𝑆,

Λ
𝜇0
] for each 𝑠 ∈ [0, 𝑡] and from Equation (18) we deduce that

Φ𝑆
𝑠
(𝑣(𝑚)) ∈ [𝑐𝑆 − 𝜀, Λ

𝜇0
+ 𝜀] for each 𝑠 ∈ [0, 𝑡] and every 𝑚 ≥ 𝑚𝜀. It shows both that

||||||𝑆∗
0𝑔

(
Φ𝑆
𝑠
(𝑣)
𝑆∗

0

)
− 𝑆∗

0𝑔

(
Φ𝑆
𝑠
(𝑣(𝑚))
𝑆∗

0

)|||||| ≤ |||Φ𝑆𝑠 (𝑣) − Φ𝑆
𝑠
(𝑣(𝑚))||| ×

(
1 +

𝑆∗
0

𝑐𝑆 − 𝜀

)
≤ 𝜀

(
1 +

𝑆∗
0

𝑐𝑆 − 𝜀

)
∶= 𝜅1(𝜀)

and that

𝑠 × sup
𝜉∈[0,𝑠]

||||||
(Λ − 𝜇𝑆Φ𝑆𝜉 (𝑣))

2

𝜇𝑆Φ𝑆𝜉 (𝑣)
−

(Λ − 𝜇𝑆Φ𝑆𝜉 (𝑣
(𝑚)))2

𝜇𝑆Φ𝑆𝜉 (𝑣(𝑚))

||||||
≤ 𝑡𝜀

⎛⎜⎜⎜⎜⎝
Λ

𝜇𝑆(𝑐𝑆 − 𝜀)

(
2Λ𝜇𝑆 + 𝜇2

𝑆

(
Λ
𝜇0

+ 𝜀
))

+

(
Λ + 𝜇𝑆

(
Λ
𝜇0

+ 𝜀
))2

𝑐𝑆(𝑐𝑆 − 𝜀)

⎞⎟⎟⎟⎟⎠
∶= 𝜅2(𝜀)

Using again (18), we have, for every 𝑠 ∈ [0, 𝑡] and every 𝑚 ≥ 𝑚𝜀 on one hand that|||||
𝑛∑
𝑘=1

∫
∞

0
Ψ𝑘Φ𝑘𝑠 (𝑣)(𝑎)𝑑𝑎 −

𝑛∑
𝑘=1

∫
∞

0
Ψ𝑘Φ𝑘𝑠 (𝑣

(𝑚))(𝑎)𝑑𝑎
||||| ≤

𝑛∑
𝑘=1

||Ψ𝑘||𝐿∞ ||Φ𝑘𝑠 (𝑣(𝑚)) − Φ𝑘
𝑠
(𝑣)||𝐿1

≤ 𝜀
𝑛∑
𝑘=1

||Ψ𝑘||𝐿∞ ∶= 𝜅3(𝜀)

leading to |||𝐿0(Φ𝑠(𝑣)) − 𝐿0(Φ𝑠(𝑣(𝑚)))
||| + |||𝐿0(𝑣) − 𝐿0(𝑣(𝑚))

||| ≤ 2(𝜅1(𝜀) + 𝜅3(𝜀))

and on the other hand, that
𝑛∑
𝑘=1

(0,𝑘 − 1
𝑟𝑘

)
𝑠 × ||𝛽𝑘||𝐿∞ sup

𝜉∈[0,𝑠]
||Φ𝑘

𝜉
(𝑣) − Φ𝑘

𝜉
(𝑣(𝑚))|| ≤ 𝜀 𝑛∑

𝑘=1

(0,𝑘 − 1
𝑟𝑘

)
𝑡 × ||𝛽𝑘||𝐿∞ ∶= 𝜅4(𝜀).

Since 𝜅𝑘(𝜀) −−−−→
𝜀→0

0 for each 𝑘 ∈ ⟦1, 4⟧ then clearly (19) is proved for each 𝑠 ∈ [0, 𝑡] whence (17) and consequently (16)

hold for every 𝑣 ∈ . Finally, if 𝑣 ∈  ∩
(⋂𝜎𝑛>

𝑗=1𝜕𝑗
)

, it is clear that 𝑑𝐿0(Φ𝑡(𝑣))
𝑑𝑡

≤ 0 for every 𝑡 ≥ 0, hence 𝐿0 is a Lyapunov

functional on  ∩
(⋂𝜎𝑛>

𝑗=1𝜕𝑗
)

. ◽

Lemma 3.2. Let 𝑣 ∈  ∩
(⋂𝜎𝑛>

𝑗=1𝜕𝑗
)

and 𝛾(𝑣) ∶= {𝜓(𝑡), 𝑡 ∈ ℝ} ⊂ Γ(𝑣) ⊂  be a complete orbit through 𝑣. If 𝐿0 is con-
stant on 𝛾(𝑣) then 𝛾(𝑣) = {𝐸0}. In particular,𝑣 = {𝐸0}.

Proof. Let 𝑣 ∶= (𝑆0, 𝑥1,0,… , 𝑥𝑛,0) ∈  ∩
(⋂𝜎𝑛>

𝑗=1𝜕𝑗
)

and 𝛾(𝑣) ∶= {𝜓(𝑡), 𝑡 ∈ ℝ} ⊂ Γ(𝑣) ⊂  be a complete orbit through
𝑣. Suppose that 𝐿0 is constant on 𝛾(𝑣). It implies that

𝑑

𝑑𝑡
𝐿0(Φ𝑡(𝜓(𝑠))) = 0, ∀(𝑡, 𝑠) ∈ ℝ∗

+ ×ℝ.

From Equation (16), we get Φ𝑆
𝑡
(𝜓(𝑠)) = 𝑆∗

0 for every (𝑡, 𝑠) ∈ ℝ+ ×ℝ (in particular 𝑆0 = 𝑆∗
0 ). Using the 𝑆-equation of (1),

we deduce that

∫
∞

0
𝛽𝑘(𝑎)Φ𝑘𝑡 (𝜓(𝑠))(𝑎)𝑑𝑎 = 0, ∀(𝑡, 𝑠, 𝑘) ∈ ℝ∗

+ ×ℝ × ⟦1, 𝑛⟧.
With (5) (second equation) we get

Φ𝑘
𝑡
(𝜓(𝑠))(𝑎) = 0, ∀(𝑡, 𝑠, 𝑎) ∈ ℝ+ ×ℝ × [0, 𝑡].

We remark that
Φ𝑘
𝑡
(𝜓(𝑠))(𝑎) = Φ𝑘

𝑡+𝑎(𝜓(𝑠 − 𝑎))(𝑎) = 0, ∀(𝑡, 𝑠, 𝑎) ∈ ℝ+ ×ℝ × [𝑡,+∞)

so it follows that 𝑥𝑘,0 ≡ 0 for every 𝑘 ∈ ⟦1, 𝑛⟧, whence 𝑣 = {𝐸0} and result is proved. ◽

Mathematical Methods in the Applied Sciences, 2026 13
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3.1 | Case 0,1 ≤ 1

We suppose here that 𝑛> = 0 which is equivalent to 0,𝑘 ≤ 1 for each 𝑘 ∈ ⟦1, 𝑛⟧. We now show that  = {𝐸0}. Let 𝑧 ∈ .
By invariance of  there exists a complete orbit 𝛾(𝑧) = {𝜙(𝑠), 𝑠 ∈ ℝ} ⊂  through 𝑧. From Lemma 3.1, we know that
𝐿0(𝜙(𝑡)) is well-defined for each 𝑡 ∈ ℝ. Also the Equation (16) is satisfied for every 𝑣 ∈ 𝛾(𝑧). The fact that 0,𝑘 ≤ 1 for
each 𝑘 ∈ ⟦1, 𝑛⟧ implies that 𝐿0 is a Lyapunov function on  (and in particular on 𝛾(𝑧)). Using [18], Proposition 2.51
p. 53 we deduce that 𝐿0 is constant on 𝛼(𝜙) and on 𝜔(𝑧). Since 𝛾(𝑧) ⊂  which is compact, then 𝛾−(𝑧) ∶= {𝜙(𝑠), 𝑠 ≤ 0} is
relatively compact on 𝑋 and non empty. From [18], Theorem 2.48, p. 52, the alpha-limit set 𝛼(𝜙) is nonempty, compact,
invariant, connected and lim𝑡→−∞ 𝑑(𝜙(𝑡), 𝛼(𝜙)) = 0. Since 𝐿0 is constant on 𝛼(𝜙) then it is constant on every complete
orbit 𝛾(𝑣) ⊂ 𝛼(𝜙) and by Lemma 3.2 we get 𝛼(𝜙) = {𝐸0}. It follows that

lim
𝑠→−∞

𝑑(𝜙(𝑠), {𝐸0}) = 0.

Using the facts that 𝐿0(𝐸0) = 0 and that 𝐿0 is a Lyapunov function on 𝛾(𝑧), then we necessarily get 𝐿0(𝜙(𝑠)) = 0 for
every 𝑠 ∈ ℝ. Finally {𝜙(𝑠), 𝑠 ∈ ℝ} ⊂ Γ(𝑧) ⊂  is a complete orbit through 𝑧 ∈  on which 𝐿0 is constant. Using again
Lemma 3.2, we get 𝑧 = {𝐸0}. In conclusion,  = {𝐸0} which is GAS on𝑋+ and the first item is proved.

3.2 | Case 0,1 > 1

In this section, we suppose that 𝑛> ≥ 1. It remains to prove the second item for 𝑘 = 1. We first recall the definitions of the
different notions of persistence.

Definition 3.3 ([18], Def 3.1 p. 61). Let p ∶ 𝑋+ → ℝ+ be a continuous function non identically zero. The semiflow
Φ is:

1. weakly p-persistent if
∀𝑥 ∈ 𝑋 ∶ p(𝑥) > 0, lim sup

𝑡→+∞
p(Φ𝑡(𝑥)) > 0,

2. (strongly) p-persistent if
∀𝑥 ∈ 𝑋 ∶ p(𝑥) > 0, lim inf

𝑡→+∞
p(Φ𝑡(𝑥)) > 0,

3. uniformly weakly p-persistent if ∃ 𝜀 > 0:

∀𝑥 ∈ 𝑋 ∶ p(𝑥) > 0, lim sup
𝑡→+∞

p(Φ𝑡(𝑥)) ≥ 𝜀,

4. uniformly (strongly) p-persistent if ∃ 𝜀 > 0:

∀𝑥 ∈ 𝑋 ∶ p(𝑥) > 0, lim inf
𝑡→+∞

p(Φ𝑡(𝑥)) ≥ 𝜀.

3.2.1 | Existence of a Global Attractor

We start with the following lemma.

Lemma 3.4. Suppose that 𝑛> ≥ 2 and let 𝑘 ∈ ⟦2, 𝑛>⟧. Let  ⊂ ⟦1 + 𝜎𝑘−1, 𝜎𝑘⟧ with  ≠ ∅. Let

𝑧 ∈

(
𝜎𝑘−1⋂
𝑗=1
𝜕𝑗

)
∩

(⋂
𝑗∈

𝑗
)

∩

( ⋂
𝑗∈⟦1+𝜎𝑘−1,𝜎𝑘⟧⧵ 𝜕𝑗

)

and let

𝛾(𝑧) = {𝜙(𝑡), 𝑡 ∈ ℝ} ⊂

(
𝜎𝑘−1⋂
𝑗=1
𝜕𝑗

)
∩

(⋂
𝑗∈

𝑗
)

∩

( ⋂
𝑗∈⟦1+𝜎𝑘−1,𝜎𝑘⟧⧵ 𝜕𝑗

)

14 Mathematical Methods in the Applied Sciences, 2026
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be a complete orbit through 𝑧. Let (𝛼1+𝜎𝑘−1
,… , 𝛼𝜎𝑘) ∈ [0, 1]𝜎𝑘−𝜎𝑘−1 such that

∑𝜎𝑘
𝑗=1+𝜎𝑘−1

𝛼𝑗 = 1 and with 𝛼𝑗 = 0 for every 𝑗 ∈⟦1 + 𝜎𝑘−1, 𝜎𝑘⟧ ⧵  . Let  ∗ = {𝑗 ∈  ∶ 𝛼𝑗 > 0}. Then:

1. The functional 𝐿
𝛼1+𝜎𝑘−1 ,…,𝛼𝜎𝑘
𝑘

defined by (14) is a Lyapunov functional on the complete orbit 𝛾(𝑧) and for each (𝑡, 𝑣) ∈
ℝ∗

+ × 𝛾(𝑧) we have:

𝑑𝐿
𝛼1+𝜎𝑘−1 ,…,𝛼𝜎𝑘
𝑘

(Φ𝑡(𝑣))
𝑑𝑡

= −
∑
𝑗∈ ∗

𝑆∗
𝜎𝑘∫

∞

0
𝛽𝑗(𝑎)𝑥∗𝑗,𝛼𝑗 (𝑎)𝑔

⎛⎜⎜⎝
Φ𝑗𝑡 (𝑣)(𝑎)∫ ∞

0 𝛽𝑗(𝑠)𝑥
∗
𝑗,𝛼𝑗

(𝑠)𝑑𝑠

𝑥∗𝑗,𝛼𝑗
(𝑎)∫ ∞

0 𝛽𝑗(𝑠)Φ
𝑗
𝑡 (𝑣)(𝑠)𝑑𝑠

⎞⎟⎟⎠𝑑𝑎
− | ∗|𝑔( 𝑆∗

𝜎𝑘

Φ𝑆
𝑡
(𝑣)

)
−

𝑛∑
𝑗=1+𝜎𝑘

∫
∞

0
𝛽𝑗(𝑎)Φ

𝑗
𝑡 (𝑣)(𝑎)

(
1
𝑟𝑗

− 𝑆∗
𝜎𝑘

)
𝑑𝑎 −

𝜇𝑆

Φ𝑆
𝑡
(𝑣)

(Φ𝑆
𝑡
(𝑣) − 𝑆∗

𝜎𝑘
)2. (20)

2. Suppose that  ∗ =  , that is for each 𝑗 ∈  we have 𝛼𝑗 > 0. Suppose also that 𝐿
𝛼1+𝜎𝑘−1 ,…,𝛼𝜎𝑘
𝑘

is constant on 𝛾(𝑧). Then
𝛾(𝑣) ⊂ ∗

𝑘, (which is defined by (15)). In particular 𝑣 ∈ ∗
𝑘, .

Proof.

1. First, we suppose that the assumptions of the lemma hold and let 𝑣 ∶= (𝑆0, 𝑥1,0,… , 𝑥𝑛,0) ∈ 𝛾(𝑧). Since 𝛾(𝑧) ⊂ 𝜕1
then ∫ ∞

0 Ψ1(𝑎)𝑥1,0(𝑎)𝑑𝑎 = 0 and 𝑥1,0 ≡ 0. It follows that 𝐿
𝛼1+𝜎𝑘−1 ,…,𝛼𝜎𝑘
𝑘

(𝑣) = 𝐿̃
𝛼1+𝜎𝑘−1 ,…,𝛼𝜎𝑘
𝑘

(𝑣̃) for 𝑣̃ ∶= (𝑆0, 𝑥2,0,… , 𝑥𝑛,0)
where

𝐿̃
𝛼1+𝜎𝑘−1 ,…,𝛼𝜎𝑘
𝑘

(𝑣̃) = 𝑆∗
𝜎𝑘
𝑔

(
𝑆0

𝑆∗
𝜎𝑘

)
+

𝑛∑
𝑗=2

∫
∞

0
𝜂𝑗Ψ𝑗(𝑎)𝑥𝑗,0(𝑎)𝑑𝑎

+
𝑛∑
𝑗=2

∫
∞

0
(1 − 𝜂𝑗)Ψ𝑗(𝑎)𝑥∗𝑗,𝛼𝑗 (𝑎)𝑔

(
𝑥𝑗,0(𝑎)
𝑥∗𝑗,𝛼𝑗

(𝑎)

)
𝑑𝑎

and with

𝜂𝑗 =

{
1 if 𝑗 ∈ ⟦2, 𝜎𝑘−1⟧ ∪ ⟦1 + 𝜎𝑘, 𝑛⟧ or if 𝛼𝑗 = 0
0 else.

We define Φ̃ ∶ (𝑡, 𝑣̃) ↦ (Φ𝑆
𝑡
(𝑣),Φ2

𝑡
(𝑣),… ,Φ𝑛

𝑡
(𝑣)) that is the solution of the reduced problem (1) with the infected

populations 𝑗 ∈ ⟦2, 𝑛⟧ and initial condition 𝑣̃. By the recurrence hypothesis, the function

𝑡 ↦ 𝐿̃
𝛼1+𝜎𝑘−1 ,…,𝛼𝜎𝑘
𝑘

(Φ̃𝑡(𝑣̃))

is well-defined on ℝ+, continuous and satisfy

𝑑𝐿
𝛼1+𝜎𝑘−1 ,…,𝛼𝜎𝑘
𝑘

(Φ𝑡(𝑣̃))
𝑑𝑡

= −
∑
𝑗∈ ∗

𝑆∗
𝜎𝑘∫

∞

0
𝛽𝑗(𝑎)𝑥∗𝑗,𝛼𝑗 (𝑎)𝑔

⎛⎜⎜⎝
Φ̃𝑗
𝑡
(𝑣̃)(𝑎)∫ ∞

0 𝛽𝑗(𝑠)𝑥
∗
𝑗,𝛼𝑗

(𝑠)𝑑𝑠

𝑥∗𝑗,𝛼𝑗
(𝑎)∫ ∞

0 𝛽𝑗(𝑠)Φ̃
𝑗

𝑡
(𝑣̃)(𝑠)𝑑𝑠

⎞⎟⎟⎠𝑑𝑎
− | ∗|𝑔( 𝑆∗

𝜎𝑘

Φ̃𝑆
𝑡
(𝑣̃)

)
−

𝑛∑
𝑗=1+𝜎𝑘

∫
∞

0
𝛽𝑗(𝑎)Φ̃

𝑗

𝑡
(𝑣̃)(𝑎)

(
1
𝑟𝑗

− 𝑆∗
𝜎𝑘

)
𝑑𝑎 −

𝜇𝑆

Φ̃𝑆
𝑡
(𝑣̃)

(Φ̃𝑆
𝑡
(𝑣̃) − 𝑆∗

𝜎𝑘
)2

which is non-positive since 1
𝑟𝑗
− 𝑆∗

𝜎𝑘
= 1

𝑟𝑗
− 1
𝑟𝜎𝑘

= Λ
𝜇𝑆
( 1
0,𝑗

− 1
0,𝜎𝑘

) > 0 for every 𝑗 ∈ ⟦1 + 𝜎𝑘, 𝑛⟧. It naturally follows
that the first point is true.

2. Step 1. First we know that Φ𝑗𝑡 (𝜙(𝑠))(𝑎) = 0 for every 𝑗 ∈ ⟦1, 𝜎𝑘−1⟧ ∪ (⟦1 + 𝜎𝑘−1, 𝜎𝑘⟧ ⧵  ) and every (𝑠, 𝑡, 𝑎) ∈ ℝ ×
(ℝ+)2 since 𝛾(𝑧) ⊂

(⋂𝜎𝑘−1
𝑗=1 𝜕𝑗

)
∩
(⋂

𝑗∈⟦1+𝜎𝑘−1,𝜎𝑘⟧⧵ 𝜕𝑗
)

and in particular 𝑥𝑗,0 ≡ 0. Suppose now that 𝐿
𝛼1+𝜎𝑘−1 ,…,𝛼𝜎𝑘
𝑘

is
constant on 𝛾(𝑣). It implies that

𝑑

𝑑𝑡
𝐿
𝛼1+𝜎𝑘−1 ,…,𝛼𝜎𝑘
𝑘

(Φ𝑡(𝜙(𝑠))) = 0, ∀𝑡 > 0, ∀𝑠 ∈ ℝ.

Mathematical Methods in the Applied Sciences, 2026 15
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From Equation (20), we get Φ𝑆
𝑡
(𝜙(𝑠)) = 𝑆∗

𝜎𝑘
for every (𝑡, 𝑠) ∈ ℝ+ ×ℝ (in particular 𝑆0 = 𝑆∗

𝜎𝑘
). Using (20) and

Assumption 2.1, we deduce that

∀(𝑗, 𝑡) ∈  ∗ ×ℝ+, ∃ 𝑐𝑗(𝑡) > 0 ∶ Φ𝑗𝑡 (𝜙(𝑠))(𝑎) = 𝑐𝑗(𝑡)𝑥
∗
𝑗,𝛼𝑗

(𝑎), ∀𝑠 ∈ ℝ a.e. 𝑎 ∈ [𝛽𝑗, 𝛽𝑗).

Let (𝑗, 𝑠, 𝑎) ∈  ∗ ×ℝ × [𝛽𝑗, 𝛽𝑗). Using the fact that 𝛾(𝑧) is a complete orbit, we have

𝑐𝑗(𝑡)𝑥∗𝑗,𝛼𝑗 (𝑎) = Φ𝑗𝑡 (𝜙(𝑠))(𝑎) = Φ𝑗
𝑡
(𝜙(𝑠 + 𝑡 − 𝑡))(𝑎) = 𝑐𝑗(𝑡)𝑥∗𝑗,𝛼𝑗 (𝑎), ∀(𝑡, 𝑡) ∈ (ℝ+)2 a.e. 𝑎 ∈ [𝛽𝑗, 𝛽𝑗).

whence 𝑐𝑗 does not depend on 𝑡 and we have

∀𝑗 ∈  ∗, ∃ 𝑐𝑗 > 0 ∶ Φ𝑗𝑡 (𝜙(𝑠))(𝑎) = 𝑐𝑗𝑥
∗
𝑗,𝛼𝑗

(𝑎), ∀(𝑠, 𝑡) ∈ ℝ ×ℝ+ a.e. 𝑎 ∈ [𝛽𝑗, 𝛽𝑗).

From Equation (5) and from the latter equation with 𝑡 = 𝑎 we see that

𝑐𝑗𝑥
∗
𝑗,𝛼𝑗

(𝑎) = Φ𝑗
𝑎
(𝜙(𝑠))(𝑎) = Φ𝑗

𝜉
(𝜙(𝑠))(𝜉)𝑒−∫

𝑎

𝜉
𝜇𝑗 (𝑧)𝑑𝑧, ∀𝜉 ∈ [0, 𝑎]

and
Φ𝑗
𝜉
(𝜙(𝑠))(𝜉) = Φ𝑗

𝑎
(𝜙(𝑠))(𝑎)𝑒−∫ 𝜉𝑎 𝜇𝑗 (𝑧)𝑑𝑧 = 𝑐𝑗𝑥∗𝑗,𝛼𝑗 (𝑎)𝑒

−∫ 𝜉
𝑎
𝜇𝑗 (𝑧)𝑑𝑧 = 𝑐𝑗𝑥∗𝑗,𝛼𝑗 (𝜉), ∀𝜉 ≥ 𝑎.

These two equations lead to

∀(𝑗, 𝑠, 𝑎) ∈  ∗ ×ℝ ×ℝ+ ∶ Φ𝑗
𝑎
(𝜙(𝑠))(𝑎) = 𝑐𝑗𝑥∗𝑗,𝛼𝑗 (𝑎).

Let 𝑡 ≥ 0. Since 𝛾(𝑧) is a complete orbit then we have

Φ𝑗𝑡 (𝜙(𝑠))(𝑎) = Φ𝑗
𝑎
(𝜙(𝑡 + 𝑠 − 𝑎))(𝑎) = 𝑐𝑗𝑥∗𝑗,𝛼𝑗 (𝑎) = 𝑥

∗
𝑗,𝑐𝑗𝛼𝑗

(𝑎)

and this latter formula is true for every (𝑗, 𝑠, 𝑡, 𝑎) ∈  ∗ ×ℝ × (ℝ+)2. In particular 𝑥𝑗,0 = 𝑥∗
𝑗,𝑐𝑗𝛼𝑗

for each 𝑗 ∈  ∗. Now
let 𝑗 ∈ ⟦1 + 𝜎𝑘, 𝑛⟧. From Equation (20), we get

∫
∞

0
𝛽𝑗(𝑎)Φ

𝑗
𝑡 (𝜙(𝑠))(𝑎)𝑑𝑎 = 0

for every (𝑠, 𝑡) ∈ ℝ ×ℝ+, whence Φ𝑗𝑡 (𝜙(𝑠))(𝑎) = 0 a.e. 𝑎 ∈ [𝛽𝑗, 𝛽𝑗). As before, letting 𝑡 = 𝑎 and using (5) we get

0 = Φ𝑗
𝑎
(𝜙(𝑠))(𝑎) = Φ𝑗

𝜉
(𝜙(𝑠))(𝜉)𝑒−∫

𝑎

𝜉
𝜇𝑗 (𝑧)𝑑𝑧, ∀𝜉 ∈ [0, 𝑎]

and
Φ𝑗
𝜉
(𝜙(𝑠))(𝜉) = Φ𝑗

𝑎
(𝜙(𝑠))(𝑎)𝑒−∫ 𝜉𝑎 𝜇𝑗 (𝑧)𝑑𝑧 = 0, ∀𝜉 ≥ 𝑎

whence Φ𝑗
𝑎
(𝜙(𝑠))(𝑎) = 0 for every (𝑗, 𝑎, 𝑠) ∈ ⟦1 + 𝜎𝑘, 𝑛⟧ ×ℝ+ ×ℝ. Let 𝑡 ≥ 0, since 𝛾(𝑧) is a complete orbit then

Φ𝑗𝑡 (𝜙(𝑠))(𝑎) = Φ𝑗
𝑎
(𝜙(𝑡 + 𝑠 − 𝑎))(𝑎) = 0

and this latter formula is true for every (𝑗, 𝑠, 𝑡, 𝑎) ∈ ⟦1 + 𝜎𝑘, 𝑛⟧ ×ℝ × (ℝ+)2. In particular 𝑥𝑗,0 ≡ 0.

Step 2. By the first step, looking at the 𝑆-equation of (1), we get

∑
𝑗∈ ∗∫

∞

0
𝛽𝑗(𝑎)𝑥∗𝑗,𝑐𝑗𝛼𝑗 (𝑎)𝑑𝑎 =

∑
𝑗∈ ∗∫

∞

0
𝛽𝑗(𝑎)Φ

𝑗
𝑡 (𝜙(𝑠))(𝑎)𝑑𝑎 =

Λ
𝑆∗
𝜎𝑘

− 𝜇𝑆 = 𝜇𝑆(0,𝑘 − 1), ∀(𝑡, 𝑠) ∈ ℝ∗
+ ×ℝ

which is equivalent to ∑
𝑗∈ ∗

𝑐𝑗𝜇𝑆(0,𝑗 − 1)𝛼𝑗 = 𝜇𝑆(0,𝑘 − 1)

16 Mathematical Methods in the Applied Sciences, 2026
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but since 0,𝑗 = 0,𝑘 for every 𝑗 ∈  ∗ then we get the condition∑
𝑗∈ ∗

𝑐𝑗𝛼𝑗 = 1

which implies 𝜙(𝑡) ∈ ∗
𝑘, ∗ = ∗

𝑘, for every 𝑡 ∈ ℝ and this ends the proof. ◽

Now we prove that Φ has a global attractor 0 ⊂  in ∪𝜎1
𝑘=1𝑘. We proceed in several stages. Let p ∶ 𝑋+ → ℝ+ be the

function defined by:

p(𝑧) =
𝜎1∑
𝑘=1

∫
𝛽𝑘

0
𝑥𝑘,0(𝑠)𝑑𝑠

for every 𝑧 = (𝑆0, 𝑥1,0,… , 𝑥𝑛,0) ∈ 𝑋+. Let the subsets

0 = {𝑧 ∈ 𝑋+ ∶ p(𝑧) > 0} =
𝜎1⋃
𝑘=1

𝑘, 𝜕0 = {𝑧 ∈ + ∶ p(𝑧) = 0} =
𝜎1⋂
𝑘=1
𝜕𝑘.

We also define the set

Ω ∶=
⋃
𝑧∈𝜕0

𝜔(𝑧) = {𝐸0} ∪

(
𝑛>⋃
𝑘=2

∗
𝑘

)

by the recurrence hypothesis. We have the following properties:

1. The set {𝐸0} and each subset ∗
𝑘

(𝑘 ∈ ⟦2, 𝑛>⟧) are invariant and disjoints. Also, {𝐸0} is clearly compact while ∗
𝑘

is
compact as the image of the compact set

{(𝛼1,… , 𝛼𝑛) ∈ [0, 1]𝑛 ∶
𝜎𝑘∑

𝑗=1+𝜎𝑘−1

𝛼𝑗 = 1, 𝛼𝑗 = 0 ∀𝑗 ∈ ⟦1, 𝜎𝑘−1⟧ ∪ ⟦1 + 𝜎𝑘, 𝑛⟧}
by the continuous function

(𝛼1,… , 𝛼𝑛) ↦ 𝐸∗,𝑘
𝛼1,…,𝛼𝑛

.

2. (i) Let 𝜀 > 0 such that (
Λ
𝜇𝑆

− 𝜀
)
𝑟1 > 1 (21)

Following the proof of [8], Proposition 4.4.8. (a), we show that

∀𝑧 ∈ 𝜀 ∶= {𝑧 ∈ 0, ||𝑧 − 𝐸0||𝑋 ≤ 𝜀}, ∃ 𝑡 > 0 ∶ ||Φ𝑡(𝑧) − 𝐸0||𝑋 > 𝜀 (22)

which implies that
{𝑧 ∈ 𝑋+,p(𝑧) > 0 ∶ lim

𝑡→+∞
Φ𝑡(𝑧) = 𝐸0} = ∅

meaning that the semiflow Φ is weakly persistent (we note that in Reference [8], the Equation (22) was proved for
𝑧 in the intersection, but the same proof works for the reunion). Indeed, suppose by contradiction that there exists
𝑧 ∶= (𝑆0, 𝑥1,0,… , 𝑥𝑛,0) ∈ 0 such that ||Φ𝑡(𝑧) − 𝐸0||𝑋 ≤ 𝜀, ∀𝑡 ≥ 0

then
Φ𝑆
𝑡
(𝑧) ≥ Λ

𝜇𝑆
− 𝜀, ∀𝑡 ≥ 0.

Let 𝑗 ∈ ⟦1, 𝜎1⟧ such that 𝑧 ∈ 𝑗 , then by continuity arguments there exists 𝑐 ∈ (𝛽𝑗,∞) such that

(
Λ
𝜇𝑆

− 𝜀
)
∫

𝑐

0
𝛽𝑗(𝑎)𝜋𝑗(𝑎)𝑑𝑎 > 1.

Mathematical Methods in the Applied Sciences, 2026 17
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Also, using [8], Proposition 4.4.4 we know that there exists 𝜏 ≥ 0 such that

∫
∞

0
𝛽𝑗(𝑎)Φ

𝑗
𝑡 (𝑧)(𝑎)𝑑𝑎 > 0

for every 𝑡 ≥ 𝜏. Thus we arrive at

⎧⎪⎪⎨⎪⎪⎩
𝜕Φ𝑗𝑡 (𝑧)(𝑎)

𝜕𝑡
+
𝜕Φ𝑗𝑡 (𝑧)(𝑎)
𝜕𝑎

= −𝜇𝑗(𝑎)Φ
𝑗
𝑡 (𝑧)(𝑎),

Φ𝑗𝑡 (𝑧)(0) ≥
(

Λ
𝜇𝑆

− 𝜀
)
∫

𝑐

0
𝛽𝑗(𝑎)Φ

𝑗
𝑡 (𝑧)(𝑎)𝑑𝑎

for every 𝑡 ≥ 𝜏 > 𝜏. It follows that Φ𝑗
𝜏
(𝑧) ∈ 𝐿1

+(0, 𝑐)⧵{0} since

Φ𝑗
𝜏
(𝑧)(𝑎) =

(
∫

∞

0
𝛽𝑗(𝜉)Φ

𝑗

𝜏−𝑎(𝑧)(𝜉)𝑑𝜉
)
𝑒−∫ 𝑎0 𝜇𝑗 (𝑠)𝑑𝑠 > 0, ∀𝑎 ∈ [0, 𝜏 − 𝜏]

and then lim𝑡→∞ ∫ 𝑐0 Φ𝑗𝑡 (𝑧)(𝑎)𝑑𝑎 = ∞ (see, e.g., [8], Lemma 4.3) by using the comparison theorem [25], Proposition
5.2 which is absurd, hence (22) is true.

(ii) Now, let 𝑘 ∈ ⟦2, 𝑛>⟧ (hence we suppose that 𝑛> ≥ 2). Let 𝜀 > 0 such that(
1
𝑟𝜎𝑘

− 𝜀

)
𝑟1 > 1. (23)

As the first point, we can prove that

∀𝑧 ∈ 𝑘
𝜀
∶= {𝑧 ∈ 0, ||𝑧 − ∗

𝑘
||𝑋 ≤ 𝜀}, ∃ 𝑡 > 0 ∶ ||Φ𝑡(𝑧) − ∗

𝑘
||𝑋 > 𝜀. (24)

Indeed, suppose by contradiction that there exists 𝑧 ∶= (𝑆0, 𝑥1,0,… , 𝑥𝑛,0) ∈ 0 such that

Φ𝑆
𝑡
(𝑧) ≥ 𝑆∗

𝜎𝑘
− 𝜀 = 1

𝑟𝜎𝑘
− 𝜀, ∀𝑡 ≥ 0.

Let 𝑗 ∈ ⟦1, 𝜎1⟧ such that 𝑧 ∈ 𝑗 then by continuity arguments (since 𝑟𝑗 = 𝑟1 because 0,𝑗 = 0,1) there exists 𝑐 ∈
(𝛽𝑗,∞) such that (

1
𝑟𝑘

− 𝜀
)
∫

𝑐

0
𝛽𝑗(𝑎)𝜋𝑗(𝑎)𝑑𝑎 > 1

and the same arguments as before lead to lim𝑡→∞ ∫ 𝑐0 Φ𝑗𝑡 (𝑧)(𝑎)𝑑𝑎 = ∞ which is absurd, hence (24) is true.

3. (i) We prove that {𝐸0} is isolated, that is, the maximal compact invariant set of a neighborhood of itself (this neigh-
borhood being called an isolating neighborhood). Indeed, let 𝜀 > 0 be small enough such that (21) is true then
following the arguments of [3], Proposition 2.4 (see also [17]), we can prove that the ball centered at 𝐸0 and radius
𝜀, denoted by 𝐵𝑋(𝐸0, 𝜀), is an isolating neighborhood of 𝐸0. To prove it we let𝐾 ⊂ 𝐵𝑋(𝐸0, 𝜀) be a compact invariant
subset of 𝐵𝑋(𝐸0, 𝜀) and let 𝑧 ∈ 𝐾 . We need to prove that 𝐾 = {𝐸0}. If 𝑧 ∈ 𝜀 then clearly, from Equation (22), it
follows that 𝐾 is not invariant, whence 𝑧 ∉ 𝜀, that is, 𝑧 ∈ 𝜕0. First, we prove that

𝐾 ⊂
⋂

𝑘∈⟦1,𝜎𝑛>⟧
𝜕𝑘. (25)

If 𝑛> = 1, then (25) is true by definition of 𝜕0. Suppose now that 𝑛> ≥ 2, that 𝑧 ∈ ∪𝑘∈⟦1+𝜎1,𝜎𝑛>⟧𝑘 and also that

𝜀 < 𝑆∗
0 − max

𝑘∈⟦1,𝜎𝑛>⟧
{

1
𝑟𝜎𝑘

}
= Λ
𝜇𝑆

⎛⎜⎜⎝1 − 1
min

𝑘∈⟦1,𝜎𝑛>⟧{0,𝜎𝑘}

⎞⎟⎟⎠.
18 Mathematical Methods in the Applied Sciences, 2026
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Let 𝑘 = min{𝑗 ∈ ⟦2, 𝑛>⟧ ∶ 𝑧 ∈ ∪𝑠∈⟦1+𝜎𝑗−1,𝜎𝑗⟧𝑠}. By invariance of 𝐾 and since 𝑧 ∈ 𝜕0 ⊂ 𝜕1, then denoting 𝑧 =
(𝑆0, 𝑥1,0,… , 𝑥𝑛,0) we necessarily have 𝑥1,0 ≡ 0 and Φ1

𝑡
(𝑧) = 0 for every 𝑡 ≥ 0. It follows that the function 𝑡↦

(Φ𝑆
𝑡
(𝑧),Φ2

𝑡
(𝑧),… ,Φ𝑛

𝑡
(𝑧)) is solution of the reduced problem (1) with the infected populations 𝑘 ∈ ⟦2, 𝑛⟧. By recur-

rence hypothesis we deduce that Φ𝑡(𝑧) −−−−→
𝑡→∞

∗
𝑘

hence Φ𝑆
𝑡
(𝑧) −−−−→

𝑡→∞
1
𝑟𝜎𝑘

. This is absurd since 𝑆∗
0 − 1

𝑟𝜎𝑘
> 𝜀 (thus

Φ𝑡(𝑧) ∉ 𝐵𝑋(𝐸0, 𝜀) for 𝑡 large enough and consequently 𝐾 is not invariant). It follows that (25) is true.

Since 𝐾 is invariant, there exists a complete orbit 𝛾(𝑧) = {𝜙(𝑡), 𝑡 ∈ ℝ} through 𝑧. Using Lemma 3.1 and (25) we
deduce that 𝐿0 is a Lyapunov functional on 𝛾(𝑧). As in the case 0,1 ≤ 1 we deduce first that 𝐿0 is constant on 𝛼(𝜙)
and by using Lemma 3.2 that 𝛼(𝜙) = {𝐸0}. Secondly, we deduce that 𝐿0 is constant on 𝛾(𝑧) which leads to 𝑧 = {𝐸0}
by Lemma 3.2. Finally 𝐾 = {𝐸0} and is isolated.

(ii) Suppose that 𝑛> ≥ 2 and let 𝑘 ∈ ⟦2, 𝑛>⟧. We prove that ∗
𝑘

is isolated. Let 𝜀 > 0 be small enough such that (23) is
satisfied and such that

𝑆∗
0 − 1

𝑟𝑘
> 𝜀, min

𝑗∈⟦1,𝑛>⟧⧵{𝑘}
{||||| 1
𝑟𝑗

− 1
𝑟𝑘

|||||
}
> 𝜀

Let𝐾 ⊂ 𝐵𝑋(∗
𝑘
, 𝜀) be a compact invariant subset and let 𝑧 ∈ 𝐾 . If 𝑧 ∈ 𝑘

𝜀
then from Equation (24) it follows that𝐾

is not invariant, whence 𝑧 ∉ 𝑘
𝜀
, that is, 𝑧 ∈ 𝜕0.

Step 1. We prove that

𝑧 ∈

(
𝜎𝑘−1⋂
𝑗=1
𝜕𝑗

)
∩

(
𝜎𝑘⋃

𝑗=1+𝜎𝑘−1

𝑗
)
. (26)

We already know that 𝑧 ∈ 𝜕0. If 𝑧 ∈ ∪𝑗∈⟦1+𝜎1,𝜎𝑘−1⟧𝑗 then by recurrence hypothesis we would haveΦ𝑡(𝑧) −−−−→
𝑡→∞

∗
𝑗∗

for

a 𝑗∗ ∈ ⟦2, 𝑘 − 1⟧. Thus Φ𝑆
𝑡
(𝑧) −−−−→

𝑡→∞
1
𝑟𝑗∗

which is absurd since | 1
𝑟𝑗∗

− 1
𝑟𝑘
| > 𝜀. Suppose now that 𝑧 ∈ ∩𝑗∈⟦1+𝜎𝑘−1,𝜎𝑘⟧𝜕𝑗 ,

then either Φ𝑡(𝑧) −−−−→
𝑡→∞

∗
𝑗∗

for 𝑗∗ ∈ ⟦𝑘 + 1, 𝑛>⟧ which is absurd with the arguments above, or Φ𝑡(𝑧) −−−−→
𝑡→∞

𝐸0 which

implies Φ𝑆
𝑡
(𝑧) −−−−→

𝑡→∞
𝑆∗

0 and this is also absurd since 𝑆∗
0 − 1

𝑟𝑘
> 𝜀. It follows that (26) is satisfied.

Step 2. Let  ⊂ ⟦1 + 𝜎𝑘−1, 𝜎𝑘⟧ be the (non-empty) subset such that

𝑧 ∈

(⋂
𝑗∈

𝑗
)

∩

( ⋂
𝑗∈⟦1+𝜎𝑘−1,𝜎𝑘⟧⧵ 𝜕𝑗

)
.

Since 𝐾 is invariant, there exists a complete orbit 𝛾(𝑧) = {𝜙(𝑡), 𝑡 ∈ ℝ} through 𝑧. Still by invariance we have
𝜙(𝑡) ∈ ∩𝑗∈ 𝑗 and𝜙(𝑡) ∈ ∩𝑗∈⟦1,𝜎𝑘⟧⧵ 𝜕𝑗 for every 𝑡 ∈ ℝ. Let (𝛼1+𝜎𝑘−1

,… , 𝛼𝜎𝑘) ∈ [0, 1]𝜎𝑘−𝜎𝑘−1 such that
∑𝜎𝑘
𝑗=1+𝜎𝑘−1

𝛼𝑗 = 1,
with 𝛼𝑗 = 0 for every 𝑗 ∈ ⟦1 + 𝜎𝑘−1, 𝜎𝑘⟧ ⧵  and with 𝛼𝑗 > 0 for every 𝑗 ∈  (e.g., 𝛼𝑗 =

1| | for 𝑗 ∈  ). We know by
Lemma 3.4 that 𝐿

𝛼1+𝜎𝑘−1 ,…,𝛼𝜎𝑘
𝑘

defined by (14) is a Lyapunov functional on 𝛾(𝑧). A consequence of [18], Proposition
2.51, p. 53 is that 𝐿

𝛼1+𝜎𝑘−1 ,…,𝛼𝜎𝑘
𝑘

is constant on 𝛼(𝜙) and on 𝜔(𝑧). Following the arguments used in the case 0,1 ≤ 1
we deduce that 𝛼(𝜙) is nonempty, compact, invariant and lim𝑡→−∞ 𝑑(𝜙(𝑡), 𝛼(𝜙)) = 0. Since 𝐿

𝛼1+𝜎𝑘−1 ,…,𝛼𝜎𝑘
𝑘

is constant
on every complete orbit 𝛾(𝑣) ⊂ 𝛼(𝜙) then we can use Lemma 3.4 to obtain 𝛼(𝜙) ⊂ ∗

𝑘, . Similarly we get 𝜔(𝑧) ⊂ ∗
𝑘,

and then
lim
𝑡→−∞

𝑑(𝜙(𝑡), ∗
𝑘, ) = lim

𝑡→+∞
𝑑(𝜙(𝑡), ∗

𝑘, ) = 0.

Step 3. We prove now that there exists (𝐸∗,𝑘
𝜏1,…,𝜏𝑛

, 𝐸∗,𝑘
𝜔1,…,𝜔𝑛

) ∈ (∗
𝑘, )2 such that:

lim
𝑡→−∞

𝜙(𝑡) = 𝐸∗,𝑘
𝜏1,…,𝜏𝑛

lim
𝑡→+∞

𝜙(𝑡) = 𝐸∗,𝑘
𝜔1,…,𝜔𝑛

. (27)

Suppose by contradiction that there exist (𝐸∗,𝑘
𝜏1,…,𝜏𝑛

, 𝐸∗,𝑘
𝜏′1,…,𝜏′𝑛

) ∈ (𝛼(𝜙))2 such that (𝜏1,… , 𝜏𝑛) ≠ (𝜏′1,… , 𝜏′
𝑛
). By definition

of ∗
𝑘, we have

𝜏𝑗 = 𝜏′𝑗 = 0 ∀𝑗 ∈ ⟦1, 𝑛⟧ ⧵ 
thus, we arrive at the assumption

(𝜏1+𝜎𝑘−1
,… , 𝜏𝜎𝑘) ≠ (𝜏′1+𝜎𝑘−1

,… , 𝜏′
𝜎𝑘
).
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Firstly we prove that for every 𝑗 ∈  we have 𝜏𝑗 = 0 ⇔ 𝜏′
𝑗
= 0. By contradiction suppose that there exists 𝑗 ∈ 

such that 𝜏𝑗 = 0 and 𝜏′
𝑗
≠ 0. Then we use the functional 𝐿

𝛼1+𝜎𝑘−1 ,…,𝛼𝜎𝑘
𝑘

defined by (14) where 𝛼𝑗 = 1 and 𝛼𝑠 = 0 for
every 𝑠 ∈ ⟦1 + 𝜎𝑘−1, 𝜎𝑘⟧ ⧵ {𝑗}. Using Lemma 3.4, this is a Lyapunov functional on 𝛾(𝑧), and as explained in Step 2,
it should be constant on 𝛼(𝜙), implying that

𝐿
𝛼1+𝜎𝑘−1 ,…,𝛼𝜎𝑘
𝑘

(
𝐸∗,𝑘
𝜏1,…,𝜏𝑛

)
= 𝐿

𝛼1+𝜎𝑘−1 ,…,𝛼𝜎𝑘
𝑘

(
𝐸∗,𝑘
𝜏′1,…,𝜏′𝑛

)
since (𝐸∗,𝑘

𝜏1,…,𝜏𝑛
, 𝐸∗,𝑘

𝜏′1,…,𝜏′𝑛
) ∈ (𝛼(𝜙))2. On the other hand, we have

𝐿
𝛼1+𝜎𝑘−1 ,…,𝛼𝜎𝑘
𝑘

(𝐸∗,𝑘
𝜏1,…,𝜏𝑛

) = ∫
∞

0
Ψ𝑗(𝑎)

𝜇𝑆
𝑟𝑗

(0,𝑗 − 1
)
𝜋𝑗(𝑎)𝑔(𝜏𝑗)𝑑𝑎 +

∑
𝑠∈ ⧵{𝑗}

∫
∞

0
Ψ𝑠(𝑎)𝑥∗𝑠,𝜏𝑠(𝑎)𝑑𝑎 = ∞

and
𝐿
𝛼1+𝜎𝑘−1 ,…,𝛼𝜎𝑘
𝑘

(𝐸∗,𝑘
𝜏′1,…,𝜏′𝑛

) = ∫
∞

0
Ψ𝑗(𝑎)

𝜇𝑆
𝑟𝑗

(0,𝑗 − 1
)
𝜋𝑗(𝑎)𝑔(𝜏′𝑗)𝑑𝑎 +

∑
𝑠∈ ⧵{𝑗}

∫
∞

0
Ψ𝑠(𝑎)𝑥∗𝑠,𝜏′

𝑠
(𝑎)𝑑𝑎 < ∞

which is absurd (the same proof works for 𝜏𝑗 ≠ 0 and 𝜏′
𝑗
= 0).

Secondly we prove that for every 𝑗 ∈  we have 𝜏𝑗 = 𝜏′𝑗 . For this, we decompose the set  as  = = ⊔ > ⊔ <
where

= ∶= {𝑗 ∈  ∶ 𝜏𝑗 = 𝜏′𝑗}, > ∶= {𝑗 ∈  ∶ 𝜏𝑗 > 𝜏′𝑗}, < ∶= {𝑗 ∈  ∶ 𝜏𝑗 < 𝜏′𝑗}.

We see that
= ≠  , > ≠  , < ≠  , > ≠ ∅, < ≠ ∅

since (𝜏1,… , 𝜏𝑛) ≠ (𝜏′1,… , 𝜏′
𝑛
) and

∑
𝑗∈ 𝜏𝑗 =

∑
𝑗∈ 𝜏′𝑗 = 1. We use the functional 𝐿

𝛼1+𝜎𝑘−1 ,…,𝛼𝜎𝑘
𝑘

defined by (14) where
for every 𝑗 ∈ ⟦1 + 𝜎𝑘−1, 𝜎𝑘⟧ we put

𝛼𝑗 =
⎧⎪⎨⎪⎩

𝜏𝑗∑
𝑠∈> 𝜏𝑠

if 𝑗 ∈ >
0 otherwise.

so that
∑
𝑗∈> 𝛼𝑗 = 1. Then we compute

𝐿
𝛼1+𝜎𝑘−1 ,…,𝛼𝜎𝑘
𝑘

(
𝐸∗,𝑘
𝜏1,…,𝜏𝑛

)
=
∑
𝑗∈>∫

∞

0
Ψ𝑗(𝑎)

𝜇𝑆
𝑟𝑗

(0,𝑗 − 1
)
𝛼𝑗𝜋𝑗(𝑎)𝑔

(
𝜏𝑗

𝛼𝑗

)
𝑑𝑎

+
∑

𝑗∈ ⧵>∫
∞

0
Ψ𝑗(𝑎)𝑥∗𝑗,𝜏𝑗 (𝑎)𝑑𝑎

and

𝐿
𝛼1+𝜎𝑘−1 ,…,𝛼𝜎𝑘
𝑘

(
𝐸∗,𝑘
𝜏′1,…,𝜏′𝑛

)
=
∑
𝑗∈>∫

∞

0
Ψ𝑗(𝑎)

𝜇𝑆
𝑟𝑗

(0,𝑗 − 1
)
𝛼𝑗𝜋𝑗(𝑎)𝑔

(
𝜏′
𝑗

𝛼𝑗

)
𝑑𝑎

+
∑

𝑗∈ ⧵>∫
∞

0
Ψ𝑗(𝑎)𝑥∗𝑗,𝜏′𝑗 (𝑎)𝑑𝑎.

On one hand we have 𝜏𝑗 > 𝜏′𝑗 (and necessarily 𝜏′
𝑗
> 0 by the first point) for each 𝑗 ∈ > leading to

𝑔

(
𝜏𝑗

𝛼𝑗

)
= 𝑔

(∑
𝑠∈>

𝜏𝑠

)
< 𝑔

(
𝜏′
𝑗

𝜏𝑗

∑
𝑠∈>

𝜏𝑠

)
= 𝑔

(
𝜏′
𝑗

𝛼𝑗

)
since 𝑔 is decreasing on (0, 1] and by using the following inequality:

1 ≥ ∑
𝑠∈>

𝜏𝑠 >
𝜏′
𝑗

𝜏𝑗

∑
𝑠∈>

𝜏𝑠 ≥ 0.

20 Mathematical Methods in the Applied Sciences, 2026
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On the other hand, we see that

∫
∞

0
Ψ𝑗(𝑎)𝑥∗𝑗,𝜏𝑗 (𝑎)𝑑𝑎 ≤ ∫

∞

0
Ψ𝑗(𝑎)𝑥∗𝑗,𝜏′𝑗 (𝑎)𝑑𝑎

for every 𝑗 ∈  ⧵ > = = ⊔ <. It follows that

𝐿
𝛼1+𝜎𝑘−1 ,…,𝛼𝜎𝑘
𝑘

(
𝐸∗,𝑘
𝜏1,…,𝜏𝑛

)
< 𝐿

𝛼1+𝜎𝑘−1 ,…,𝛼𝜎𝑘
𝑘

(
𝐸∗,𝑘
𝜏′1,…,𝜏′𝑛

)
which is absurd since 𝐿

𝛼1+𝜎𝑘−1 ,…,𝛼𝜎𝑘
𝑘

is a Lyapunov functional on 𝛾(𝑧) by Lemma 3.4 and as explained before it should
be constant on 𝛼(𝜙) that is to say

𝐿
𝛼1+𝜎𝑘−1 ,…,𝛼𝜎𝑘
𝑘

(
𝐸∗,𝑘
𝜏1,…,𝜏𝑛

)
= 𝐿

𝛼1+𝜎𝑘−1 ,…,𝛼𝜎𝑘
𝑘

(
𝐸∗,𝑘
𝜏′1,…,𝜏′𝑛

)
.

We deduce from this that 𝛼(𝜙) is reduced to a single equilibrium, that is:

𝛼(𝜙) ∩ ∗
𝑘, =

{
𝐸∗,𝑘
𝜏1,…,𝜏𝑛

}
Similarly, we may prove that

𝜔(𝑧) ∩ ∗
𝑘, =

{
𝐸∗,𝑘
𝜔1,…,𝜔𝑛

}
.

Thus (27) is satisfied and the complete orbit 𝛾(𝑧) is either a heteroclinic or a homoclinic orbit.

Step 4. We now prove that
𝐸∗,𝑘
𝜏1,…,𝜏𝑛

= 𝐸∗,𝑘
𝜔1,…,𝜔𝑛

(28)

which amounts to prove that 𝜏𝑗 = 𝜔𝑗 for every 𝑗 ∈  . Similarly to the third step, we define the sets

> ∶= {𝑗 ∈  ∶ 𝜏𝑗 > 𝜔𝑗}, < ∶= {𝑗 ∈  ∶ 𝜏𝑗 < 𝜔𝑗}.

Suppose that > ≠ ∅. We use the functional 𝐿
𝛼1+𝜎𝑘−1 ,…,𝛼𝜎𝑘
𝑘

defined by (14) where for every 𝑗 ∈ ⟦1 + 𝜎𝑘−1, 𝜎𝑘⟧ we put

𝛼𝑗 =
⎧⎪⎨⎪⎩

𝜏𝑗∑
𝑠∈> 𝜏𝑠

if 𝑗 ∈ >
0 otherwise.

so that
∑
𝑗∈> 𝛼𝑗 = 1 and 𝛼𝑗 > 0 for every 𝑗 ∈ > since 𝜏𝑗 > 𝜔𝑗 ≥ 0. The same computations as in Step 3 lead to

𝐿
𝛼1+𝜎𝑘−1 ,…,𝛼𝜎𝑘
𝑘

(
𝐸∗,𝑘
𝜏1,…,𝜏𝑛

)
< 𝐿

𝛼1+𝜎𝑘−1 ,…,𝛼𝜎𝑘
𝑘

(
𝐸∗,𝑘
𝜔1,…,𝜔𝑛

)
with the right term being equal to +∞ if 𝜔𝑗 = 0. This is absurd since 𝐿

𝛼1+𝜎𝑘−1 ,…,𝛼𝜎𝑘
𝑘

is a Lyapunov functional on the
complete orbit 𝛾(𝑧) by using Lemma 3.4 whence we should have

𝐿
𝛼1+𝜎𝑘−1 ,…,𝛼𝜎𝑘
𝑘

(
𝐸∗,𝑘
𝜏1,…,𝜏𝑛

) ≥ 𝐿𝛼1+𝜎𝑘−1 ,…,𝛼𝜎𝑘
𝑘

(
𝐸∗,𝑘
𝜔1,…,𝜔𝑛

)
.

It follows that > = ∅ whence 𝜏𝑗 ≤ 𝜔𝑗 for each 𝑗 ∈  . If < ≠ ∅ then we would have

1 =
∑
𝑗∈
𝜏𝑗 <

∑
𝑗∈
𝜔𝑗 = 1

which is absurd. Consequently < = ∅ and then 𝜏𝑗 = 𝜔𝑗 for each 𝑗 ∈  which amounts to (28).

Step 5. Finally we end up with 𝛾(𝑧) = {𝜙(𝑡), 𝑡 ∈ ℝ} being a homoclinic orbit through 𝑧 ∈ 𝐾 with

lim
𝑡→−∞

𝜙(𝑡) = 𝐸∗,𝑘
𝜏1,…,𝜏𝑛

= lim
𝑡→+∞

𝜙(𝑡).

As in Step 2, let (𝛼1+𝜎𝑘−1
,… , 𝛼𝜎𝑘) ∈ [0, 1]𝜎𝑘−𝜎𝑘−1 such that

∑𝜎𝑘
𝑗=1+𝜎𝑘−1

𝛼𝑗 = 1, with 𝛼𝑗 = 0 for every 𝑗 ∈ ⟦1 + 𝜎𝑘−1, 𝜎𝑘⟧ ⧵ 
and with 𝛼𝑗 > 0 for every 𝑗 ∈  . From Lemma 3.4, we know that 𝐿

𝛼1+𝜎𝑘−1 ,…,𝛼𝜎𝑘
𝑘

is a Lyapunov functional on 𝛾(𝑧) that
is a homoclinic orbit (see the latter equation). It implies that 𝐿

𝛼1+𝜎𝑘−1 ,…,𝛼𝜎𝑘
𝑘

is constant on 𝛾(𝑧). Again by Lemma 3.4,
we deduce that 𝛾(𝑧) ⊂ ∗

𝑘, and then 𝑧 ∈ ∗
𝑘, . Hence 𝐾 ⊂ ∗

𝑘
and this latter set is isolated.
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4. We prove that the set {
{𝐸0}, ∗

2 ,… , ∗
𝑛>

}
is acyclic (see [18], Definition 8.14, p. 187 for the definition). Let 𝑧 ∈ 𝜕0 and let 𝛾(𝑧) = {𝜙(𝑡), 𝑡 ∈ ℝ} ⊂ 𝜕0 be a
complete orbit through 𝑧.
i. Suppose that lim𝑡→∞ 𝜙(𝑡) = 𝐸0. Since 𝛾(𝑧) ⊂ 𝜕0, then by looking at the reduced problem (1) with the infected

populations 𝑘 ∈ ⟦2, 𝑛>⟧ we deduce from the recurrence hypothesis that necessarily 𝑧 ∈ ∩𝜎𝑛>
𝑗=1𝜕𝑗 (otherwise we

would have lim𝑡→+∞ 𝑑(𝜙(𝑡), ∗
𝑗
) = 0 for 𝑗 ∈ ⟦2, 𝑛>⟧which is absurd). Consequently 𝛾(𝑧) ⊂ ∩𝜎𝑛>

𝑗=1𝜕𝑗 . By Lemma 3.1
we know that𝐿0 defined by (13) is a Lyapunov functional on 𝛾(𝑧). It follows from [18], Proposition 2.51, p. 53 that
𝐿0 is constant on 𝛼(𝜙) and on𝜔(𝑧). From the arguments above (see the case0,1 ≤ 1) we deduce that 𝛼(𝜙) = {𝐸0}
and that 𝐿0 is constant on 𝛾(𝑧). By Lemma 3.2 we deduce that 𝛾(𝑧) = {𝐸0}.

ii. Suppose that 𝑛> ≥ 2 and that there exists 𝑘 ∈ ⟦2, 𝑛>⟧ such that lim𝑡→∞ 𝑑(𝜙(𝑡), ∗
𝑘
) = 0. Again, by recurrence

hypothesis we necessarily have 𝑧 ∈ (∩𝜎𝑘−1
𝑗=1 𝜕𝑗) ∩ (∪𝜎𝑘

𝑗=1+𝜎𝑘−1
𝑗) (otherwise we would have lim𝑡→+∞ 𝑑(𝜙(𝑡), ∗

𝑗
) = 0

for 𝑗 ∈ ⟦2, 𝑘 − 1⟧ which is absurd). Following the proof of the point 3.(ii) (see Steps 2–5) by first defining the
subset  , then proving (27) and (28) we arrive at 𝛾(𝑧) being a homoclinic orbit through 𝑧 ∈ ∗

𝑘, ⊂ ∗
𝑘

. We just

proved that the set
{
{𝐸0}, ∗

2 ,… , ∗
𝑛>

}
is not cyclic and consequently acyclic.

Combining the four previous points with the existence of a global attractor  ⊂ 𝑋+ (by Corollary 2.4) implies from [18],
Theorem 8.17, p. 188 that Φ is uniformly weakly p-persistent. Actually, from [18], Theorem 5.2, p. 126 we know that the
semiflow is uniformly strongly p-persistent. We note here that we could have used [17], Theorem 4.2 since Φ is bounded
and dissipative by using Corollary 2.4. Finally from [18], Theorem 5.19, p. 138 (which can be used here since  is a strong
global attractor) we deduce the existence of the global attractor 0 in ∪𝜎1

𝑘=1𝑘 which is LAS.

3.2.2 | Lyapunov Functional

Let  ⊂ ⟦1, 𝜎1⟧ and 𝐾 be a compact invariant such that 𝐾 ⊂ (∩𝑘∈ 𝑘) ∩ (∩𝑘∈⟦1,𝜎1⟧⧵ 𝜕𝑘). Let (𝛼1,… , 𝛼𝑛) ∈ [0, 1]𝑛 such
that𝐸∗,1

𝛼1,…,𝛼𝑛
∈ ∗

1, . We prove here that the functional𝐿𝛼1,…,𝛼𝜎1
1 defined by (14) is a Lyapunov functional on every complete

orbit 𝛾(𝑧) for any 𝑧 ∈ 𝐾 .

1. We first show that 𝐿𝛼1,…,𝛼𝜎1
1 (Φ𝑡(𝑧)) is well-defined for every (𝑡, 𝑧) ∈ ℝ+ ×𝐾 . Using (9), we have Φ𝑆

𝑡
(𝑧) ∈ [𝑐𝑆,

Λ
𝜇0
] for

every 𝑡 ≥ 0. In [8], Proposition 4.4.4, it was proved that for every (𝑧, 𝑘) ∈ 𝐾 ×  , there exists 𝜏 ≥ 0 such that

∫
∞

0
𝛽𝑘(𝑎)Φ𝑘𝑡 (𝑧)(𝑎)𝑑𝑎 > 0, ∀𝑡 ≥ 𝜏.

We now proceed in three steps.

Step 1. We prove, as it is claimed in the proof of [8], Proposition 5.1 (but without proof) or in [16], Proposition 2.3,
that 𝜏 is uniform in 𝑧, that is, for every 𝑘 ∈  then

∃ 𝜏𝑘 ≥ 0, ∀𝑧 ∈ 𝐾 ∶ ∫
∞

0
𝛽𝑘(𝑎)Φ𝑘𝑡 (𝑧)(𝑎)𝑑𝑎 > 0, ∀𝑡 ≥ 𝜏𝑘. (29)

To show this, let 𝑘 ∈  and first assume that 𝛽𝑘 < +∞. Defining 𝑐 = (𝛽𝑘 + 𝛽𝑘)∕2 then:
i. There exists 𝛿 ∈ (0, 𝑐 − 𝛽𝑘) such that ∫ 𝛽𝑘−𝛿0 Φ𝑘0(𝑧)(𝑎)𝑑𝑎 > 0 for every 𝑧 ∈ 𝐾 . Indeed, otherwise by contradiction

one gets a sequence (𝛿𝑛, 𝑧𝑛) ⊂ ((0, 𝑐 − 𝛽𝑘) ×𝐾)ℕ such that lim𝑛→∞ 𝛿𝑛 = 0 and ∫ 𝛽𝑘−𝛿𝑛0 Φ𝑘0(𝑧𝑛)(𝑎)𝑑𝑎 = 0 for each
𝑛 ∈ ℕ. By compactness of𝐾 there exists (up to a subsequence) 𝑧 ∈ 𝐾 such that lim𝑛→∞ ||𝑧𝑛 − 𝑧||𝑋 = 0. But then||||||∫

𝛽𝑘

0
Φ𝑘0(𝑧)(𝑎)𝑑𝑎

|||||| ≤ ∫
𝛽𝑘−𝛿𝑛

0

|||Φ𝑘0(𝑧)(𝑎) − Φ𝑘0(𝑧𝑛)(𝑎)
|||𝑑𝑎 + ∫

𝛽𝑘−𝛿𝑛

0
Φ𝑘0(𝑧𝑛)(𝑎)𝑑𝑎 + ∫

𝛽𝑘

𝛽𝑘−𝛿𝑛
Φ𝑘0(𝑧)(𝑎)𝑑𝑎

≤ ||𝑧 − 𝑧𝑛||𝑋 + ||Φ𝑘0(𝑧)𝜒[𝛽𝑘−𝛿𝑛,𝛽𝑘]||𝐿1 −−−−−→
𝑛→∞

0

by the dominated convergence theorem, whence ∫ 𝛽𝑘0 Φ𝑘0(𝑧)(𝑎)𝑑𝑎 = 0 which is absurd since 𝑧 ∈ 𝐾 ⊂ 𝑘.

22 Mathematical Methods in the Applied Sciences, 2026
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ii. For every 𝑧 ∈ 𝐾 , there exists 𝑎 ∈ [0, 𝛽𝑘 − 2𝛿] such that ∫ 𝑎+𝛿
𝑎

Φ𝑘0(𝑧)(𝑎)𝑑𝑎 > 0 (otherwise there would be 𝑧 ∈ 𝐾
such that ∫ 𝛽𝑘−𝛿0 Φ𝑘0(𝑧)(𝑎)𝑑𝑎 = 0 which contradicts the first item).

iii. For every 𝑧 ∈ 𝐾 , there exists 𝑡0 ∈ [0, 𝛿 + 𝛽𝑘] such that ∫ 𝛽𝑘+𝛿
𝛽𝑘

Φ𝑘
𝑡0
(𝑧)(𝑎)𝑑𝑎 > 0. Indeed, if 𝑎 ≤ 𝛽𝑘 then 𝑡0 ∶= 𝛽𝑘 − 𝑎

works because

∫
𝛽𝑘+𝛿

𝛽𝑘

Φ𝑘
𝑡0
(𝑧)(𝑎)𝑑𝑎 ≥ 𝑒−𝜇0𝑡0∫

𝑎+𝛿

𝑎

Φ𝑘0(𝑧)(𝑎)𝑑𝑎 > 0

by the second item. Otherwise (if 𝑎 > 𝛽𝑘) we can take 𝑡0 ∶= 𝛿 + 𝛽𝑘 and we get

∫
𝛽𝑘+𝛿

𝛽𝑘

Φ𝑘
𝑡0
(𝑧)(𝑎)𝑑𝑎 ≥ 𝑒−𝜇0𝛽𝑘∫

𝛽𝑘+𝛿

𝛽𝑘

Φ𝑘
𝑡0−𝛽𝑘

(𝑧)(𝑎 − 𝛽𝑘)𝑑𝑎

≥ 𝑒−𝜇0𝛽𝑘∫
𝛿

0
Φ𝑘
𝛿
(𝑧)(𝑎)𝑑𝑎

≥ 𝑒−𝜇0(𝛽𝑘+𝛿)∫
𝛿

0
Φ𝑘
𝛿−𝑎(𝑧)(0)𝑑𝑎

≥ 𝑒−𝜇0(𝛽𝑘+𝛿)∫
𝛿

0
Φ𝑆
𝛿−𝑎(𝑧)∫

𝑎+2𝛿−𝑎

𝑎+𝛿−𝑎
𝛽𝑘(𝜉)Φ𝑘𝛿−𝑎(𝑧)(𝜉)𝑑𝜉𝑑𝑎

≥ 𝑐𝑆𝑒−𝜇0(𝛽𝑘+𝛿)∫
𝛿

0
𝑒−𝜇0(𝛿−𝑎)∫

𝑎+2𝛿−𝑎

𝑎+𝛿−𝑎
𝛽𝑘(𝜉)Φ𝑘0(𝑧)(𝜉 − 𝛿 + 𝑎)𝑑𝜉𝑑𝑎

≥ 𝑐𝑆𝑒−𝜇0(𝛽𝑘+𝛿)∫
𝛿

0
𝑒−𝜇0(𝛿−𝑎)∫

𝑎+𝛿

𝑎

𝛽𝑘(𝜉 + 𝛿 − 𝑎)Φ𝑘0(𝑧)(𝜉)𝑑𝜉𝑑𝑎 > 0

due to the second item and the fact that 𝜉 + 𝛿 − 𝑎 ∈ [𝑎, 𝑎 + 2𝛿] ⊂ [𝛽𝑘, 𝛽𝑘].
iv. We observe that for every 𝑡 ∈ [𝑡0, 𝑡0 + 𝛿], we have:

Φ𝑘
𝑡
(𝑧)(0) ≥ 𝑐𝑆∫

𝛽𝑘+𝛿+𝑡−𝑡0

𝛽𝑘+𝑡−𝑡0
𝛽𝑘(𝑎)Φ𝑘𝑡 (𝑧)(𝑎)𝑑𝑎

≥ 𝑐𝑆∫
𝛽𝑘+𝛿+𝑡−𝑡0

𝛽𝑘+𝑡−𝑡0
𝛽𝑘(𝑎)Φ𝑘𝑡0 (𝑧)(𝑎 − (𝑡 − 𝑡0))𝑑𝑎

≥ 𝑐𝑆∫
𝛽𝑘+𝛿

𝛽𝑘

𝛽𝑘(𝑎 + 𝑡 − 𝑡0)Φ𝑘𝑡0(𝑧)(𝑎)𝑑𝑎 > 0

since 𝑎 + 𝑡 − 𝑡0 ∈ [𝛽𝑘, 𝛽𝑘 + 2𝛿) ⊂ (𝛽𝑘, 𝛽𝑘) by definition of 𝛿 and we deduce that Φ𝑘
𝑡
(𝑧)(0) > 0 for every 𝑡 ∈ [𝑡0, 𝑡0 +

𝛿].
v. Similarly, for every 𝑡 ∈ (𝑡0 + 𝛽𝑘, 𝑡0 + 𝛽𝑘 + 2𝛿), we see that:

Φ𝑘
𝑡
(𝑧)(0) ≥ 𝑐𝑆∫

𝛽𝑘+𝛿

𝛽𝑘

𝛽𝑘(𝑎)Φ𝑘𝑡 (𝑧)(𝑎)𝑑𝑎

≥ 𝑐𝑆∫
𝛽𝑘+𝛿

𝛽𝑘

𝛽𝑘(𝑎)Φ𝑘𝑡−𝑎(𝑧)(0)𝑒
−𝜇0𝑎𝜒[0,𝑡](𝑎)𝑑𝑎

≥ 𝑐𝑆∫
𝑡−𝛽𝑘

𝑡−(𝛽𝑘+𝛿)
𝛽𝑘(𝑡 − 𝑎)Φ𝑘𝑎(𝑧)(0)𝑒

−𝜇0(𝑡−𝑎)𝑑𝑎

≥ 𝑐𝑆∫
min{𝑡0+𝛿,𝑡−𝛽𝑘}

max{𝑡−(𝛽𝑥+𝛿),𝑡0}
𝛽𝑘(𝑡 − 𝑠)Φ𝑘𝑠 (𝑧)(0)𝑒

−𝜇0(𝑡−𝑠)𝑑𝑠 > 0

for every 𝑡 ∈ (𝑡0 + 𝛽𝑘, 𝑡0 + 𝛽𝑘 + 2𝛿) since Φ𝑘
𝑠
(𝑧)(0) > 0 for every 𝑠 ∈ [𝑡0, 𝑡0 + 𝛿] and 𝑡 − 𝑎 ∈ [𝛽𝑘, 𝛽𝑘 + 𝛿].
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vi. The same computations prove that for every 𝑛 ≥ 0 and every 𝑡 ∈ (𝑡0 + 𝑛𝛽𝑘, 𝑡0 + 𝑛𝛽𝑘 + (𝑛 + 1)𝛿) we have

Φ𝑘
𝑡
(𝑧)(0) > 0. Let𝑁 =

⌈
𝛽𝑘∕𝛿

⌉
so that𝑁𝛿 ≥ 𝛽𝑘, then it follows that

Φ𝑘
𝑡
(𝑧)(0) > 0 ∀𝑡 > 𝑡0 +𝑁𝛽𝑘.

vii. In conclusion, we proved that for every 𝑧 ∈ 𝐾 , there exists 𝑡0 ∈ [0, 𝛿 + 𝛽𝑘] such that Φ𝑘
𝑡
(𝑧)(0) > 0 for every 𝑡 >

𝑡0 +𝑁𝛽𝑘 with 𝛿 ∈ (0, 𝑐 − 𝛽𝑘) and𝑁 =
⌈
𝛽𝑘∕𝛿

⌉
. It then leads to

∀𝑧 ∈ 𝐾, Φ𝑘
𝑡
(𝑧)(0) > 0, ∀𝑡 > 𝛿 + (𝑁 + 1)𝛽𝑘

which implies (29) (here 𝜏𝑘 = 𝛿 + (𝑁 + 1)𝛽𝑘 is independent of 𝑧).
viii. The case 𝛽𝑘 = ∞ is treated similarly. We just have to let 𝛿 = 𝛽𝑘. We prove as (ii) that for every 𝑧 ∈ 𝐾 , there

exists 𝑎 ≤ ∞ such that ∫ 𝑎+𝛿
𝑎

Φ𝑘0(𝑧)(𝑎)𝑑𝑎 > 0. Then as in (iii), we prove that for every 𝑧 ∈ 𝐾 , there exists 𝑡0 ∈
[0, 𝛿 + 𝛽𝑘] = [0, 2𝛽𝑘] such that ∫ 2𝛽𝑘

𝛽𝑘
Φ𝑘
𝑡0
(𝑧)(𝑎)𝑑𝑎 > 0 (in the case 𝑎 ≤ 𝛽𝑘 we may consider 𝑡0 ∶= 𝛽𝑘 − 𝑎 and in the

case 𝑎 > 𝛽𝑘 we may consider 𝑡0 = 2𝛽𝑘). We also prove (iv), that is, Φ𝑘
𝑡
(𝑧)(0) > 0 for every 𝑡 ∈ [𝑡0, 𝑡0 + 𝛿]. The step

(v) is similar, while in step (vi), we have𝑁 =
⌈
𝛽𝑥∕𝛿

⌉
= 1 so that

Φ𝑘
𝑡
(𝑧)(0) > 0, ∀𝑡 > 𝑡0 + 𝛽𝑘.

Consequently, (29) is still true with 𝜏𝑘 > 3𝛽𝑘.

Step 2. By invariance of 𝐾 we deduce that for every (𝑧, 𝑘) ∈ 𝐾 ×  , there exists a complete orbit {𝜙(𝑡), 𝑡 ∈ ℝ} ⊂ 𝐾
through 𝑧 leading to

∫
∞

0
𝛽𝑘(𝑎)Φ𝑘0(𝑧)(𝑎)𝑑𝑎 = ∫

∞

0
𝛽𝑘(𝑎)Φ𝑘0(𝜙(0))(𝑎)𝑑𝑎 = ∫

∞

0
𝛽𝑘(𝑎)Φ𝑘𝑡 (𝜙(−𝑡))(𝑎)𝑑𝑎 > 0

by using (29). Since 𝐾 is compact then a continuity argument implies that

∀𝑘 ∈  ,∃ 𝑐𝑘 > 0, ∀𝑧 ∈ 𝐾 ∶ ∫
∞

0
𝛽𝑘(𝑎)Φ𝑘0(𝑧)(𝑎)𝑑𝑎 ≥ 𝑐𝑘.

Again, by invariance of 𝐾 , we deduce that for every (𝑧, 𝑘) ∈ 𝐾 ×  , there exists a complete orbit {𝜙(𝑡), 𝑡 ∈ ℝ} ⊂ 𝐾
through 𝑧 leading for every 𝑡 ≥ 0 to

∫
∞

0
𝛽𝑘(𝑎)Φ𝑘𝑡 (𝑧)(𝑎)𝑑𝑎 = ∫

∞

0
𝛽𝑘(𝑎)Φ𝑘𝑡 (𝜙(0))(𝑎)𝑑𝑎 = ∫

∞

0
𝛽𝑘(𝑎)Φ𝑘0(𝜙(𝑡))(𝑎)𝑑𝑎 ≥ 𝑐𝑘

that is to say

∀𝑘 ∈  ,∃ 𝑐𝑘 > 0,∀𝑡 ≥ 0, ∀𝑧 ∈ 𝐾 ∶ ∫
∞

0
𝛽𝑘(𝑎)Φ𝑘𝑡 (𝑧)(𝑎)𝑑𝑎 ≥ 𝑐𝑘. (30)

Now, we claim that
∀(𝑡, 𝑎, 𝑧, 𝑘) ∈ (ℝ+)2 ×𝐾 ×  ∶ Φ𝑘

𝑡
(𝑧)(𝑎) ≥ 𝑐𝑆𝑐𝑘𝜋𝑘(𝑎) (31)

where we remind that 𝑐𝑆 is defined in Equation (9). Let 𝑘 ∈  . The proof is similar to [8], Proposition 5.1.2 but
expressed on 𝐾 rather than on the omega-limit set of some initial condition of 𝑘; hence, we give its proof for com-
pleteness. Let (𝑡, 𝑎) ∈ (ℝ+)2 such that 𝑡 > 𝑎. From the expression of the semiflow (5) combined with (9) and (30) we
get (31) for every 𝑡 > 𝑎. Suppose now that 𝑡 ≤ 𝑎. Once again by invariance of𝐾 , we know that for every 𝑧 ∈ 𝐾 , there
exists a complete orbit {𝜙(𝑡), 𝑡 ∈ ℝ} ⊂ 𝐾 through 𝑧 leading to

Φ𝑘
𝑡
(𝑧)(𝑎) = Φ𝑘

𝑡
(𝜙(0))(𝑎) = Φ𝑘

𝑎+1(𝜙(𝑡 − (𝑎 + 1)))(𝑎) ≥ 𝑐𝑆𝑐𝑘𝜋𝑘(𝑎)
and (31) is proved.

24 Mathematical Methods in the Applied Sciences, 2026
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Step 3. Let  ∗ = {𝑘 ∈  ∶ 𝛼𝑘 > 0}. We now prove that

∃ 𝑐Φ > 0, ∀(𝑡, 𝑎, 𝑧, 𝑘) ∈ (ℝ+)2 ×𝐾 ×  ∗ ∶

(
𝑥∗
𝑘,𝛼𝑘

(𝑎)

Φ𝑘
𝑡
(𝑧)(𝑎)

− 1

)2

≤ 𝑐Φ. (32)

Let (𝑘, 𝑡, 𝑎) ∈  ∗ × (ℝ+)2. We deduce from Equation (31) that

∀𝑧 ∈ 𝐾 ∶
Φ𝑘
𝑡
(𝑧)(𝑎)

𝑥∗
𝑘,𝛼𝑘

(𝑎)
≥ 𝑐𝑆𝑐𝑘𝑟𝑘

𝜇𝑆𝛼𝑘(𝑅𝑘0 − 1)
=∶ 𝑐𝑘 > 0

leading to (
𝑥∗
𝑘,𝛼𝑘

(𝑎)

Φ𝑘
𝑡
(𝑧)(𝑎)

− 1

)2

≤ 1
(𝑐𝑘)2 + 1 <∞

which proves (32) when considering

𝑐Φ = max
𝑘∈ ∗

{
1
𝑐2
𝑘

+ 1

}
.

Step 4. Let (𝑡, 𝑎, 𝑧, 𝑘) ∈ (ℝ+)2 ×𝐾 ×  ∗, then from Equation (32), we get

𝑥∗
𝑘,𝛼𝑘

(𝑎)𝑔

(
Φ𝑘
𝑡
(𝑧)(𝑎)

𝑥∗
𝑘,𝛼𝑘

(𝑎)

)
= 𝑥∗

𝑘,𝛼𝑘
(𝑎)

(
Φ𝑘
𝑡
(𝑧)(𝑎)

𝑥∗
𝑘,𝛼𝑘

(𝑎)
+ ln

(
𝑥∗
𝑘,𝛼𝑘

(𝑎)

Φ𝑘
𝑡
(𝑧)(𝑎)

)
− 1

)

≤ 𝑥∗
𝑘,𝛼𝑘

(𝑎)

(
Φ𝑘
𝑡
(𝑧)(𝑎)

𝑥∗
𝑘,𝛼𝑘

(𝑎)
+
𝑥∗
𝑘,𝛼𝑘

(𝑎)

Φ𝑘
𝑡
(𝑧)(𝑎)

− 2

)
= Φ𝑘

𝑡
(𝑧)(𝑎)

(
𝑥∗
𝑘,𝛼𝑘

(𝑎)

Φ𝑘
𝑡
(𝑧)(𝑎)

− 1

)2

≤ 𝑐ΦΦ𝑘𝑡 (𝑧)(𝑎) (33)

by using the fact that ln(𝑥) ≤ 𝑥 − 1 for each 𝑥 > 0.

Step 5. Finally, from Equation (33) and using the integrability on ℝ+ of the functions

𝑎↦ Ψ𝑘(𝑎)Φ𝑘𝑡 (𝑧)(𝑎), ∀(𝑡, 𝑧) ∈ ℝ+ ×𝐾

for each 𝑘 ∈ ⟦1, 𝑛⟧, it follows that (𝑡, 𝑧) ↦ 𝐿
𝛼1,…,𝛼𝜎1
1 (Φ𝑡(𝑧)) is well-defined on ℝ+ ×𝐾 .

2. We prove that 𝐿𝛼1,…,𝛼𝜎1
1 is a Lyapunov function on every complete orbit 𝛾(𝑧) for any 𝑧 ∈ 𝐾 . This amounts to showing

that𝐿𝛼1,…,𝛼𝜎1
1 is a Lyapunov function on each positive orbit 𝛾+(𝑧) for every 𝑧 ∈ 𝐾 . Let 𝑧 ∶= (𝑆0, 𝑥1,0,… , 𝑥𝑛,0) ∈ 𝐾 and

let 𝑧 ∶= (𝑆0, (0, 𝑥1,0),… , (0, 𝑥𝑛,0)). We will follow the sketch of the proof of Lemma 3.1 (for the case 0,1 ≤ 1), which
is here more tedious because of the shape of the functional.
i. Suppose first that 𝑧 ∈ 𝐷((𝐴 + 𝐹 )0) ∩ 0+ where 𝐷((𝐴 + 𝐹 )0) is defined by (2). Then using [12], Theorem 5.6.6,

p. 242 we can compute the derivative of the function 𝑡↦ 𝐿
𝛼1,…,𝛼𝜎1
1 (Φ𝑡(𝑧)) according to 𝑡 (which is well-defined

due to the first point) since Φ𝑘
𝑡
(𝑧) belong to𝑊 1,1(0,∞) for each 𝑡 ≥ 0 and every 𝑘 ∈ ⟦1, 𝑛⟧. Similar computations

to the case 0,1 ≤ 1 (see (20)) lead to

𝑑𝐿
𝛼1,…,𝛼𝜎1
1 (Φ𝑡(𝑧))

𝑑𝑡
= −

∑
𝑘∈⟦1+𝜎1,𝑛⟧∪( ⧵ ∗)

(
1
𝑟𝑘

− 𝑆∗
𝜎1

)
∫

∞

0
𝛽𝑘(𝑎)Φ𝑘𝑡 (𝑧)(𝑎)𝑑𝑎 −

𝜇𝑆

Φ𝑆
𝑡
(𝑧)

(Φ𝑆
𝑡
(𝑧) − 𝑆∗

𝜎1
)2

− | ∗|𝑔( 𝑆∗
𝜎1

Φ𝑆
𝑡
(𝑧)

)
−
∑
𝑘∈ ∗

𝑆∗
𝜎1∫

∞

0
𝛽𝑘(𝑎)𝑥∗𝑘,𝛼𝑘(𝑎)𝑔

(
Φ𝑘
𝑡
(𝑧)(𝑎)∫ ∞

0 𝛽𝑘(𝑠)𝑥
∗
𝑘,𝛼𝑘

(𝑠)𝑑𝑠

𝑥∗
𝑘,𝛼𝑘

(𝑎)∫ ∞
0 𝛽𝑘(𝑠)Φ

𝑘
𝑡
(𝑧)(𝑠)𝑑𝑠

)
𝑑𝑎 ≤ 0 (34)

since 1
𝑟𝑘
> 𝑆∗

𝜎1
= 1

𝑟𝜎1
for every 𝑘 ∈ ⟦1 + 𝜎1, 𝑛⟧ and 1

𝑟𝑘
= 1

𝑟𝜎1
for every 𝑘 ∈ ⟦1, 𝜎1⟧. It can be rewritten in the follow-

ing form:

𝐿
𝛼1,…,𝛼𝜎1
1 (Φ𝑡(𝑧)) = 𝐿

𝛼1,…,𝛼𝜎1
1 (𝑧) −

𝑛∑
𝑘=1+𝜎1

(
1
𝑟𝑘

− 𝑆∗
𝜎1

)
∫

𝑡

0 ∫
∞

0
𝛽𝑘(𝑎)Φ𝑘𝜉 (𝑧)(𝑎)𝑑𝑎𝑑𝜉
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− ∫
𝑡

0

𝜇𝑆

Φ𝑆
𝜉
(𝑧)

(Φ𝑆
𝜉
(𝑧) − 𝑆∗

𝜎1
)2𝑑𝜉 − | ∗|∫ 𝑡

0
𝑔

(
𝑆∗
𝜎1

Φ𝑆
𝜉
(𝑧)

)
𝑑𝜉

−
∑
𝑘∈ ∗

𝑆∗
𝜎1∫

𝑡

0 ∫
∞

0
𝛽𝑘(𝑎)𝑥∗𝑘,𝛼𝑘(𝑎)𝑔

(
Φ𝑘
𝜉
(𝑧)(𝑎)∫ ∞

0 𝛽𝑘(𝑠)𝑥
∗
𝑘,𝛼𝑘

(𝑠)𝑑𝑠

𝑥∗
𝑘,𝛼𝑘

(𝑎)∫ ∞
0 𝛽𝑘(𝑠)Φ

𝑘
𝜉
(𝑧)(𝑠)𝑑𝑠

)
𝑑𝑎𝑑𝜉 (35)

ii. Now, suppose that 𝑧 ∉ 𝐷((𝐴 + 𝐹 )0) ∩ 0+. We will use a density argument to compute the derivative of the func-
tional𝐿

𝛼1,…,𝛼𝜎1
1 along the solution of (1) for the initial condition 𝑧. However, taking a sequence of initial conditions

in 𝐷((𝐴 + 𝐹 )0) ∩ 0+ is not sufficient for the functional 𝐿𝛼1,…,𝛼𝜎1
1 to be well-defined because similar estimates to

(31) are necessary for the sequence of initial conditions. Hence we will build a suitable sequence.

Step 1. Let 𝑡 ≥ 0 and 𝑗 ∈  . We know by (31) that Φ𝑘
𝑠
(𝑧)(𝑎) ≥ 𝑐𝑆𝑐𝑘𝜋𝑘(𝑎) for every (𝑠, 𝑎, 𝑧, 𝑘) ∈ (ℝ+)2 ×𝐾 ×  . We

define
𝑣 =

(
𝑆̃0, 𝑥̃1,0,… , 𝑥̃𝑛,0

)
, 𝑣 =

(
𝑆̃0, (0, 𝑥̃1,0),… , (0, 𝑥̃𝑛,0)

)
where

𝑆̃0 =
𝑆0∫ ∞

0 𝛽𝑗(𝑎)𝑥𝑗,0(𝑎)𝑑𝑎 − 𝜈

∫ ∞
0 𝛽𝑗(𝑎)𝑥𝑗,0(𝑎)𝑑𝑎 −

𝜈

𝑆∗
𝑗

and

𝑥̃𝑘,0 =
⎧⎪⎨⎪⎩
𝑥𝑘,0 −

𝜈𝜋𝑘∫ ∞
0 𝛽𝑘(𝑎)𝑥𝑘,0(𝑎)𝑑𝑎

∫ ∞
0 𝛽𝑗(𝑎)𝑥𝑗,0(𝑎)𝑑𝑎

if 𝑘 ∈ 
0 if 𝑘 ∈ ⟦1, 𝑛⟧ ⧵ 

with 𝜈 > 0 small enough such that 𝑣 ∈ 𝑋+ and 𝑣 ∈ 0+ (which exist by using (31)). Here we use the density of
𝐷((𝐴 + 𝐹 )0) ∩ 0+ into 0+ to assert:

∃ (𝑣(𝑚))𝑚∈ℕ ⊂
(
𝐷((𝐴 + 𝐹 )0) ∩ 0+

)ℕ ∶ ||𝑣(𝑚) − 𝑣|| −−−−−→
𝑚→∞

0

where 𝑣(𝑚) = (𝑆 (𝑚)
0 , (0, 𝑥(𝑚)1,0 ),… , (0, 𝑥(𝑚)

𝑛,0 )) ∈ 𝐷((𝐴 + 𝐹 )0) ∩ 0+. Since Φ is state-continuous uniformly in finite time
(see Proposition 2.3 4.), then the sequence 𝑣(𝑚) = (𝑆 (𝑚)

0 , 𝑥
(𝑚)
1,0 ,… , 𝑥

(𝑚)
𝑛,0 ) ∈ 𝑋+ satisfies

sup
𝑠∈[0,𝑡]

||Φ𝑠(𝑣(𝑚)) − Φ𝑠(𝑣)||𝑋 −−−−−→
𝑚→∞

0.

Now we define the sequence (𝑤̂(𝑚))𝑚∈ℕ ∶= (𝑆
(𝑚)
0 , (0, 𝑥(𝑚)1,0 ),… , (0, 𝑥(𝑚)

𝑛,0 ))𝑚∈ℕ ∈ (0+)ℕ where

𝑆
(𝑚)
0 =

𝑆
(𝑚)
0 ∫ ∞

0 𝛽𝑗(𝑎)𝑥
(𝑚)
𝑗,0 (𝑎)𝑑𝑎 + 𝜈

∫ ∞
0 𝛽𝑗(𝑎)𝑥

(𝑚)
𝑗,0 (𝑎)𝑑𝑎 +

𝜈

𝑆∗
𝑗

and

𝑥
(𝑚)
𝑘,0 =

⎧⎪⎨⎪⎩
𝑥
(𝑚)
𝑘,0 +

𝜈𝜋𝑘∫ ∞
0 𝛽𝑘(𝑎)𝑥

(𝑚)
𝑘,0 (𝑎)𝑑𝑎

∫ ∞
0 𝛽𝑗(𝑎)𝑥

(𝑚)
𝑗,0 (𝑎)𝑑𝑎

if 𝑘 ∈ 
0 if 𝑘 ∈ ⟦1, 𝑛⟧ ⧵ 

which is well-defined since we have ∫ ∞
0 𝛽𝑗(𝑎)𝑥

(𝑚)
𝑗,0 (𝑎)𝑑𝑎−−−−−→𝑚→∞

∫ ∞
0 𝛽𝑗(𝑎)𝑥𝑗,0(𝑎)𝑑𝑎 −

𝜈

𝑆∗
𝑗

> 0 by definition of 𝜈. It fol-

lows that ∫ ∞
0 𝛽𝑗(𝑎)𝑥

(𝑚)
𝑗,0 (𝑎)𝑑𝑎 > 0 for each 𝑚 ≥ 0 (up to a sub-sequence). Recalling that 𝑥𝑘,0 ∈ 𝜕𝑘 for every 𝑘 ∈⟦1, 𝑛⟧ ⧵  (by definition of 𝐾) and by invariance of 𝐾 , then 𝑥𝑘,0(𝑎) = 0 f.a.e. 𝑎 ≥ 0. By construction we then see

that lim𝑚→∞ ||𝑤̂(𝑚) − 𝑧|| = 0 and lim𝑚→∞ ||𝑤(𝑚) − 𝑧||𝑋 = 0 where

𝑤(𝑚) ∶= (𝑆
(𝑚)
0 , 𝑥

(𝑚)
1,0 ,… , 𝑥

(𝑚)
𝑛,0 ) ∈ 𝑋+

leading to
sup
𝑠∈[0,𝑡]

||Φ𝑠(𝑤(𝑚)) − Φ𝑠(𝑧)||𝑋 −−−−−→
𝑚→∞

0. (36)
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We now check that 𝑤̂(𝑚) ∈ 𝐷((𝐴 + 𝐹 )0). Since 𝑤̂(𝑚) ∈ 𝐷(𝐴), it remains to prove that 𝐴𝑤̂(𝑚) + 𝐹 (𝑤̂(𝑚)) ∈ 0, that is,

∀𝑘 ∈  , 𝑥
(𝑚)
𝑘,0 (0) = 𝑆

(𝑚)
0 ∫

∞

0
𝛽𝑘(𝑎)𝑥

(𝑚)
𝑘,0 (𝑎)𝑑𝑎. (37)

Knowing that 𝑣(𝑚) ∈ 𝐷((𝐴 + 𝐹 )0) then by construction we have for every 𝑘 ∈  :

𝑥
(𝑚)
𝑘,0 (0) = 𝑥

(𝑚)
𝑘,0 (0) +

𝜈∫ ∞
0 𝛽𝑘(𝑎)𝑥

(𝑚)
𝑘,0 (𝑎)𝑑𝑎

∫ ∞
0 𝛽𝑗(𝑎)𝑥

(𝑚)
𝑗,0 (𝑎)𝑑𝑎

=
∫ ∞

0 𝛽𝑘(𝑎)𝑥
(𝑚)
𝑘,0 (𝑎)𝑑𝑎

∫ ∞
0 𝛽𝑗(𝑎)𝑥

(𝑚)
𝑗,0 (𝑎)𝑑𝑎

(
𝑆

(𝑚)
0 ∫

∞

0
𝛽𝑗(𝑎)𝑥

(𝑚)
𝑗,0 (𝑎)𝑑𝑎 + 𝜈

)

=
𝑆

(𝑚)
0 ∫ ∞

0 𝛽𝑘(𝑎)𝑥
(𝑚)
𝑘,0 (𝑎)𝑑𝑎

∫ ∞
0 𝛽𝑗(𝑎)𝑥

(𝑚)
𝑗,0 (𝑎)𝑑𝑎

(
∫

∞

0
𝛽𝑗(𝑎)𝑥

(𝑚)
𝑗,0 (𝑎)𝑑𝑎 +

𝜈

𝑆∗
𝑗

)

= 𝑆
(𝑚)
0

(
∫

∞

0
𝛽𝑘(𝑎)𝑥

(𝑚)
𝑘,0 (𝑎)𝑑𝑎 +

(
∫

∞

0
𝛽𝑘(𝑎)𝜋𝑘(𝑎)𝑑𝑎

)𝜈∫ ∞
0 𝛽𝑗(𝑎)𝑥

(𝑚)
𝑗,0 (𝑎)𝑑𝑎

∫ ∞
0 𝛽𝑗(𝑎)𝑥

(𝑚)
𝑗,0 (𝑎)𝑑𝑎

)

= 𝑆
(𝑚)
0 ∫

∞

0
𝛽𝑘(𝑎)𝑥

(𝑚)
𝑘,0 (𝑎)𝑑𝑎

so (37) is satisfied and (𝑤̂(𝑚))𝑚∈ℕ ⊂ (𝐷((𝐴 + 𝐹 )0) ∩ 0+)ℕ.

Step 2. Let 𝜀 > 0 small enough such that

∀𝑘 ∈  ∶ 𝑐𝑘 − 𝜀||𝛽𝑘||𝐿∞ > 0 and 𝑐𝑆 − 𝜀 > 0 (38)

holds. We show first a property analogous to (31) which is

∃ 𝑐𝑤 > 0,∃𝑀 ∈ ℕ,∀(𝑠, 𝑎, 𝑘) ∈ [0, 𝑡] ×ℝ+ ×  ,∀𝑚 ≥𝑀 ∶

Φ𝑘
𝑠
(𝑤(𝑚))(𝑎) ≥ 𝑐𝑤𝜋𝑘(𝑎) and sup

𝑠∈[0,𝑡]
||Φ𝑠(𝑤(𝑚)) − Φ𝑠(𝑧)||𝑋 ≤ 𝜀. (39)

Let 𝑘 ∈  then

∫ ∞
0 𝛽𝑘(𝑎)𝑥

(𝑚)
𝑘,0 (𝑎)𝑑𝑎

∫ ∞
0 𝛽𝑗(𝑎)𝑥

(𝑚)
𝑗,0 (𝑎)𝑑𝑎

−−−−−→
𝑚→∞

∫ ∞
0 𝛽𝑘(𝑎)𝑥𝑘,0(𝑎)𝑑𝑎 −

𝜈∫ ∞
0 𝛽𝑘(𝑎)𝑥𝑘,0(𝑎)𝑑𝑎

𝑆∗
𝑘
∫ ∞

0 𝛽𝑗 (𝑎)𝑥𝑗,0(𝑎)𝑑𝑎

∫ ∞
0 𝛽𝑗(𝑎)𝑥𝑗,0(𝑎)𝑑𝑎 −

𝜈

𝑆∗
𝑗

=
∫ ∞

0 𝛽𝑘(𝑎)𝑥𝑘,0(𝑎)𝑑𝑎

∫ ∞
0 𝛽𝑗(𝑎)𝑥𝑗,0(𝑎)𝑑𝑎

> 0.

By definition of 𝑥(𝑚)
𝑘,0 and by using (5), we deduce that there exists 𝑀𝑘 ∈ ℕ and 𝑐𝑤,𝑘 > 0 such that for every 𝑚 ≥𝑀𝑘

and every (𝑠, 𝑎) ∈ [0, 𝑡] × [𝑠,∞)

Φ𝑘
𝑠
(𝑤(𝑚))(𝑎) = 𝑥(𝑚)

𝑘,0 (𝑎 − 𝑠)𝑒
−∫ 𝑎

𝑎−𝑠𝜇𝑘(𝜉)𝑑𝜉

≥ 𝜈𝜋𝑘(𝑎 − 𝑠)𝑒−∫ 𝑎𝑎−𝑠𝜇𝑘(𝜉)𝑑𝜉
(∫ ∞

0 𝛽𝑘(𝑎)𝑥
(𝑚)
𝑘,0 (𝑎)𝑑𝑎

∫ ∞
0 𝛽𝑗(𝑎)𝑥

(𝑚)
𝑗,0 (𝑎)𝑑𝑎

)
= 𝜈𝜋𝑘(𝑎)

(∫ ∞
0 𝛽𝑘(𝑎)𝑥

(𝑚)
𝑘,0 (𝑎)𝑑𝑎

∫ ∞
0 𝛽𝑗(𝑎)𝑥

(𝑚)
𝑗,0 (𝑎)𝑑𝑎

)
≥ 𝑐𝑤,𝑘𝜋𝑘(𝑎).

Considering 𝑐(1)𝑤 = min𝑘∈ {𝑐𝑤,𝑘} > 0 and 𝑀 (1) = max𝑘∈ {𝑀𝑘} then Φ𝑘
𝑠
(𝑤(𝑚))(𝑎) ≥ 𝑐(1)

𝜔
𝜋𝑘(𝑎) for every 𝑚 ≥𝑀 (1)

and every (𝑠, 𝑎, 𝑘) ∈ [0, 𝑡] × [𝑠,∞) ×  . From Equation (36), there exists 𝑀 (2) ∈ ℕ such that sup𝑠∈[0,𝑡] ||Φ𝑠(𝑤(𝑚)) −
Φ𝑠(𝑧)||𝑋 ≤ 𝜀 for every 𝑚 ≥𝑀 (2) and every 𝑘 ∈  . Also, using (30), we see that for each 𝑘 ∈  we have

∫
∞

0
𝛽𝑘(𝑎)Φ𝑘𝑠 (𝑤

(𝑚))(𝑎)𝑑𝑎 = ∫
∞

0
𝛽𝑘(𝑎)Φ𝑘𝑠 (𝑧)(𝑎)𝑑𝑎 + ∫

∞

0
𝛽𝑘(𝑎)

(
Φ𝑘
𝑠
(𝑤(𝑚))(𝑎) − Φ𝑘

𝑠
(𝑧)(𝑎)

)
𝑑𝑎

≥ 𝑐𝑘 − 𝜀||𝛽𝑘||𝐿∞ (40)

for every 𝑠 ∈ [0, 𝑡] and every 𝑚 ≥𝑀 (2). Moreover by (9), we have

𝜀 + Λ
𝜇0

≥ 𝜀 + Φ𝑆
𝑠
(𝑣) ≥ Φ𝑆

𝑠
(𝑤(𝑚)) ≥ Φ𝑆

𝑠
(𝑣) − 𝜀 ≥ 𝑐𝑆 − 𝜀, ∀𝑚 ≥𝑀 (2) (41)
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and using (5) we have
Φ𝑘
𝑠
(𝑤(𝑚))(𝑎) ≥ (𝑐𝑆 − 𝜀)(𝑐𝑘 − 𝜀||𝛽𝑘||𝐿∞)𝜋𝑘(𝑎) =∶ 𝑐𝜀,𝑘𝜋𝑘(𝑎)

(wherein 𝑐𝜀,𝑘 > 0 by (38)) for every (𝑠, 𝑎, 𝑘) ∈ [0, 𝑡] × [0, 𝑠) ×  and every 𝑚 ≥𝑀 (2). Considering 𝑐(2)𝑤 = min𝑘∈ {𝑐𝜀,𝑘}
implies that Φ𝑘

𝑠
(𝑤(𝑚))(𝑎) ≥ 𝑐(2)

𝜔
𝜋𝑘(𝑎) for every 𝑚 ≥𝑀 (2) and every (𝑠, 𝑎, 𝑘) ∈ [0, 𝑡] × [0, 𝑠) ×  . Finally, considering

𝑐𝑤 = min{𝑐(1)𝑤 , 𝑐
(2)
𝑤 } and𝑀 = max{𝑀 (1),𝑀 (2)} prove (39). We then get

∀(𝑠, 𝑎, 𝑘) ∈ [0, 𝑡] ×ℝ+ ×  ∗, ∀𝑚 ≥𝑀 ∶
Φ𝑘
𝑠
(𝑤(𝑚))(𝑎)
𝑥∗
𝑘,𝛼𝑘

(𝑎)
≥ 𝑐𝑤𝑟𝑘

𝜇𝑆𝛼𝑘(𝑅𝑘0 − 1)
=∶ 𝑐𝑘 > 0.

Following steps 3–4 of the first point, we deduce that

𝑥∗
𝑘,𝛼𝑘

(𝑎)𝑔

(
Φ𝑘
𝑠
(𝑤(𝑚))(𝑎)
𝑥∗
𝑘,𝛼𝑘

(𝑎)

)
≤ Φ𝑘

𝑠
(𝑤(𝑚))(𝑎)

(
1
𝑐

2
𝑘

+ 1

)
for every (𝑠, 𝑎, 𝑘) ∈ [0, 𝑡] ×ℝ+ ×  ∗ and every 𝑚 ≥𝑀 . Using (39), we see that for each 𝑘 ∈  we have

0 ≤ ∫
∞

0
Ψ𝑘(𝑎)Φ𝑘𝑠 (𝑤

(𝑚))(𝑎)𝑑𝑎 ≤ 𝜀||Ψ𝑘||𝐿∞ + ∫
∞

0
Ψ𝑘(𝑎)Φ𝑘𝑠 (𝑧)(𝑎)𝑑𝑎, ∀𝑠 ∈ [0, 𝑡]

which implies that 𝑠 ↦ 𝐿
𝛼1,…,𝛼𝜎1
1 (Φ𝑠(𝑤(𝑚))) is well-defined on [0, 𝑡] for each𝑚 ≥𝑀 . It follows that we can compute its

derivative as in the first point of this section (in the case where the initial condition is in the domain of the operator),
leading for every 𝑠 ∈ [0, 𝑡] and every 𝑚 ≥𝑀 to:

𝐿
𝛼1,…,𝛼𝜎1
1 (Φ𝑠(𝑤(𝑚))) = 𝐿𝛼1,…,𝛼𝜎1

1 (𝑤(𝑚)) −
𝑛∑

𝑘=1+𝜎1

(
1
𝑟𝑘

− 𝑆∗
𝜎1

)
∫

𝑠

0 ∫
∞

0
𝛽𝑘(𝑎)Φ𝑘𝜉 (𝑤

(𝑚))(𝑎)𝑑𝑎𝑑𝜉

− ∫
𝑠

0

𝜇𝑆

Φ𝑆
𝜉
(𝑤(𝑚))

(Φ𝑆
𝜉
(𝑤(𝑚)) − 𝑆∗

𝜎1
)2𝑑𝜉 − | ∗|∫ 𝑠

0
𝑔

(
𝑆∗
𝜎1

Φ𝑆
𝜉
(𝑤(𝑚))

)
𝑑𝜉

−
∑
𝑘∈ ∗∫

𝑠

0
𝑆∗
𝜎1∫

∞

0
𝛽𝑘(𝑎)𝑥∗𝑘,𝛼𝑘(𝑎)𝑔

(
Φ𝑘
𝜉
(𝑤(𝑚))(𝑎)∫ ∞

0 𝛽𝑘(𝑠)𝑥
∗
𝑘,𝛼𝑘

(𝑠)𝑑𝑠

𝑥∗
𝑘,𝛼𝑘

(𝑎)∫ ∞
0 𝛽𝑘(𝑠)Φ

𝑘
𝜉
(𝑤(𝑚))(𝑠)𝑑𝑠

)
𝑑𝑎𝑑𝜉. (42)

Step 3. It remains to show the formula (42) but for the initial condition 𝑧 instead of 𝑤(𝑚). Let 𝜀 > 0 small enough
such that (38) is satisfied. Let 𝑚 ≥𝑀 (where𝑀 is defined in Equation (39)). We thus compute for 𝑠 ∈ [0, 𝑡]:

𝑠(𝑧) ∶=
||||||𝐿
𝛼1,…,𝛼𝜎1
1 (Φ𝑠(𝑧)) − 𝐿

𝛼1,…,𝛼𝜎1
1 (𝑧) +

𝑛∑
𝑘=1+𝜎1

(
1
𝑟𝑘

− 𝑆∗
𝜎1

)
∫

𝑠

0 ∫
∞

0
𝛽𝑘(𝑎)Φ𝑘𝜉 (𝑧)(𝑎)𝑑𝑎𝑑𝜉

+ ∫
𝑠

0

𝜇𝑆

Φ𝑆
𝜉
(𝑧)

(Φ𝑆
𝜉
(𝑧) − 𝑆∗

𝜎1
)2𝑑𝜉 + | ∗|∫ 𝑠

0
𝑔

(
𝑆∗
𝜎1

Φ𝑆
𝜉
(𝑧)

)
𝑑𝜉

+
∑
𝑘∈ ∗∫

𝑠

0
𝑆∗
𝜎1∫

∞

0
𝛽𝑘(𝑎)𝑥∗𝑘,𝛼𝑘(𝑎)𝑔

(
Φ𝑘
𝜉
(𝑣)(𝑎)∫ ∞

0 𝛽𝑘(𝑠)𝑥
∗
𝑘,𝛼𝑘

(𝑠)𝑑𝑠

𝑥∗
𝑘,𝛼𝑘

(𝑎)∫ ∞
0 𝛽𝑘(𝑠)Φ

𝑘
𝜉
(𝑣)(𝑠)𝑑𝑠

)
𝑑𝑎𝑑𝜉

||||||
≤ |||𝐿𝛼1,…,𝛼𝜎1

1 (Φ𝑠(𝑧)) − 𝐿
𝛼1,…,𝛼𝜎1
1 (Φ𝑠(𝑤(𝑚)))||| + |||𝐿𝛼1,…,𝛼𝜎1

1 (𝑧) − 𝐿𝛼1,…,𝛼𝜎1
1 (𝑤(𝑚))|||

+
𝑛∑

𝑘=1+𝜎1

(
1
𝑟𝑘

− 𝑆∗
𝜎1

)
𝑠||𝛽𝑘||𝐿∞ × sup

𝜉∈[0,𝑠]
||Φ𝑘

𝜉
(𝑧) − Φ𝑘

𝜉
(𝑤(𝑚))||𝐿1(ℝ+)

+ 𝑠𝜇𝑆 × sup
𝜉∈[0,𝑠]

||||||||
(
Φ𝑆
𝜉
(𝑤(𝑚)) − 𝑆∗

𝜎1

)2

Φ𝑆
𝜉
(𝑤(𝑚))

−

(
Φ𝑆
𝜉
(𝑧) − 𝑆∗

𝜎1

)2

Φ𝑆
𝜉
(𝑧)

||||||||
+ 𝑠| ∗| sup

𝜉∈[0,𝑠]

||||||𝑔
(
𝑆∗
𝜎1

Φ𝑆
𝜉
(𝑧)

)
− 𝑔

(
𝑆∗
𝜎1

Φ𝑆
𝜉
(𝑤(𝑚))

)||||||
28 Mathematical Methods in the Applied Sciences, 2026
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+ 𝑠𝑆∗
𝜎1

sup
𝜉∈[0,𝑠]

∑
𝑘∈ ∗∫

∞

0
𝛽𝑘(𝑎)𝑥∗𝑘,𝛼𝑘(𝑎)

||||||𝑔
(
Φ𝑘
𝜉
(𝑧)(𝑎)∫ ∞

0 𝛽𝑘(𝜁)𝑥
∗
𝑘,𝛼𝑘

(𝜁)𝑑𝜁

𝑥∗
𝑘,𝛼𝑘

(𝑎)∫ ∞
0 𝛽𝑘(𝜁)Φ

𝑘
𝜉
(𝑧)(𝜁)𝑑𝜁

)

−𝑔

(
Φ𝑘
𝜉
(𝑤(𝑚))(𝑎)∫ ∞

0 𝛽𝑘(𝜁)𝑥
∗
𝑘,𝛼𝑘

(𝜁)𝑑𝜁

𝑥∗
𝑘,𝛼𝑘

(𝑎)∫ ∞
0 𝛽𝑘(𝜁)Φ

𝑘
𝜉
(𝑤(𝑚))(𝜁)𝑑𝜁

)||||||𝑑𝑎. (43)

From Equations (39) and (41), we get||||||𝑆∗
𝜎1
𝑔

(
Φ𝑆
𝑠
(𝑤(𝑚))
𝑆∗
𝜎1

)
− 𝑆∗

𝜎1
𝑔

(
Φ𝑆
𝑠
(𝑧)

𝑆∗
𝜎1

)|||||| ≤ |||Φ𝑆𝑠 (𝑤(𝑚)) − Φ𝑆
𝑠
(𝑧)||| ×

(
1 +

𝑆∗
𝜎1

𝑐𝑆 − 𝜀

)

≤ 𝜀 ×
(

1 +
𝑆∗
𝜎1

𝑐𝑆 − 𝜀

)
=∶ 𝜅1(𝜀)

and ∑
𝑘∈⟦1+𝜎1,𝑛⟧∪(𝐽⧵ ∗)

||||∫ ∞

0
Ψ𝑘(𝑎)Φ𝑘𝑠 (𝑧)(𝑎)𝑑𝑎 − ∫

∞

0
Ψ𝑘(𝑎)Φ𝑘𝑠 (𝑤

(𝑚))(𝑎)𝑑𝑎
||||

≤ ∑
𝑘∈⟦1+𝜎1,𝑛⟧∪(𝐽⧵ ∗)

||Ψ𝑘||𝐿∞ ||Φ𝑘𝑠 (𝑧) − Φ𝑘
𝑠
(𝑤(𝑚))||𝐿1 ≤ 𝜀 ∑

𝑘∈⟦1+𝜎1,𝑛⟧∪(𝐽⧵ ∗)
||Ψ𝑘||𝐿∞ =∶ 𝜅2(𝜀)

for every 𝑠 ∈ [0, 𝑡]. Using (31–39), we can define 𝑐 = min𝑘∈ {𝑐𝑤, 𝑐𝑆𝑐𝑘} so that for every 𝑘 ∈  ∗ we have

Φ𝑘
𝑠
(𝑧)(𝑎)

𝑥∗
𝑘,𝛼𝑘

(𝑎)
≥ 𝑐𝑟𝑘
𝜇𝑆(0,𝑘 − 1)

,
Φ𝑘
𝑠
(𝑤(𝑚))(𝑎)
𝑥∗
𝑘,𝛼𝑘

(𝑎)
≥ 𝑐𝑟𝑘
𝜇𝑆(0,𝑘 − 1)

for every 𝑠 ∈ [0, 𝑡] and every 𝑎 ≥ 0. It follows that

∑
𝑘∈ ∗

||||||∫
∞

0
Ψ𝑘(𝑎)𝑥∗𝑘,𝛼𝑘(𝑎)𝑔

(
Φ𝑘
𝑠
(𝑧)(𝑎)

𝑥∗
𝑘,𝛼𝑘

(𝑎)

)
𝑑𝑎 − ∫

∞

0
Ψ𝑘(𝑎)𝑥∗𝑘,𝛼𝑘(𝑎)𝑔

(
Φ𝑘
𝑠
(𝑤(𝑚))(𝑎)
𝑥∗
𝑘,𝛼𝑘

(𝑎)

)
𝑑𝑎

||||||
≤ ∑
𝑘∈ ∗

||Ψ𝑘||𝐿∞∫
∞

0
𝑥∗
𝑘,𝛼𝑘

(𝑎)
|||||Φ

𝑘
𝑠
(𝑧)(𝑎)

𝑥∗
𝑘,𝛼𝑘

(𝑎)
−

Φ𝑘
𝑠
(𝑤(𝑚))(𝑎)
𝑥∗
𝑘,𝛼𝑘

(𝑎)

||||| ×
(

1 +
𝜇𝑆(0,𝑘 − 1)

𝑐𝑟𝑘

)
𝑑𝑎

≤ ∑
𝑘∈ ∗

||Ψ𝑘||𝐿∞

(
1 +

𝜇𝑆(0,𝑘 − 1)
𝑐𝑟𝑘

)||Φ𝑘
𝑠
(𝑧) − Φ𝑘

𝑠
(𝑤(𝑚))||𝐿1

≤ ||Ψ𝑘||𝐿∞

(
1 +

𝜇𝑆(0,𝑘 − 1)
𝑐𝑟𝑘

)
𝜀 =∶ 𝜅3(𝜀)

for every 𝑠 ∈ [0, 𝑡]. Furthermore, from Equations (39–41), we deduce that

𝑛∑
𝑘=1+𝜎1

||𝛽𝑘||𝐿∞

(
1
𝑟𝑘

− 𝑆∗
𝜎1

)
𝑠 × sup

𝜉∈[0,𝑠]
||Φ𝑘

𝜉
(𝑧) − Φ𝑘

𝜉
(𝑤(𝑚))||𝐿1(ℝ+)

≤
𝑛∑

𝑘=1+𝜎1

||𝛽𝑘||𝐿∞

(
1
𝑟𝑘

− 𝑆∗
𝜎1

)
𝑡 × 𝜀 =∶ 𝜅4(𝜀),

𝑠𝑆∗
𝜎1
| ∗| sup

𝜉∈[0,𝑠]

||||||𝑔
(
𝑆∗
𝜎1

Φ𝑆
𝜉
(𝑧)

)
− 𝑔

(
𝑆∗
𝜎1

Φ𝑆
𝜉
(𝑤(𝑚))

)||||||
≤ 𝑡(𝑆∗

𝜎1
)2| ∗||||||| 1

Φ𝑆
𝜉
(𝑧)

− 1
Φ𝑆
𝜉
(𝑤(𝑚)

|||||| ×
(

1 + Λ
𝜇0𝑆

∗
𝜎1

)

≤ 𝑡𝜀(𝑆∗
𝜎1
)2| ∗| ×(

1
𝑐𝑆(𝑐𝑆 − 𝜀)

)
×

(
1 + Λ

𝜇0𝑆
∗
𝜎1

)
=∶ 𝜅5(𝜀).
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and

𝑠𝜇𝑆 × sup
𝜉∈[0,𝑠]

||||||||
(
Φ𝑆
𝜉
(𝑤(𝑚)) − 𝑆∗

𝜎1

)2

Φ𝑆
𝜉
(𝑤(𝑚))

−

(
Φ𝑆
𝜉
(𝑧) − 𝑆∗

𝜎1

)2

Φ𝑆
𝜉
(𝑧)

||||||||
≤ 𝑡𝜇𝑆 × sup

𝜉∈[0,𝑠]

⎛⎜⎜⎜⎝
||||(Φ𝑆𝜉 (𝑤(𝑚)) − 𝑆∗

𝜎1

)2
−
(
Φ𝑆
𝜉
(𝑧) − 𝑆∗

𝜎1

)2||||
Φ𝑆
𝜉
(𝑧)

+
(
Φ𝑆
𝜉
(𝑤(𝑚)) − 𝑆∗

𝜎1

)2|||||| 1
Φ𝑆
𝜉
(𝑧)

− 1
Φ𝑆
𝜉
(𝑤(𝑚))

||||||
⎞⎟⎟⎟⎠

≤ 𝑡𝜇𝑆
⎛⎜⎜⎝

2𝑆∗
𝜎1
𝜀 + 𝜀( 2Λ

𝜇0
+ 𝜀)

𝑐𝑆
+
𝜀(𝜀 + 2Λ

𝜇0
)2

𝑐𝑆(𝑐𝑆 − 𝜀)

⎞⎟⎟⎠ =∶ 𝜅6(𝜀)

since𝑆∗
𝜎1

≤ Λ
𝜇0

and by using (9). Moreover using (6) and the fact that𝐾 is compact and invariant lead for each 𝑘 ∈  ∗

to ∫ ∞
0 𝛽𝑘(𝜉)𝑥

∗
𝑘,𝛼𝑘

(𝜉)𝑑𝜉 = 1
𝑆∗
𝑘

and

∫
∞

0
𝛽𝑘(𝜉)Φ𝑘𝑠 (𝑧)(𝜉)𝑑𝜉 ≤ Λ||𝛽𝑘||𝐿∞

𝜇0
, ∫

∞

0
𝛽𝑘(𝜉)Φ𝑘𝑠 (𝑤

(𝑚))(𝜉)𝑑𝜉 ≤ ||𝛽𝑘||𝐿∞

(
𝜀 + Λ

𝜇0

)
for every 𝑠 ∈ [0, 𝑡] then using (30) and (40) it follows that

𝑠𝑆∗
𝜎1

sup
𝜉∈[0,𝑠]

∑
𝑘∈ ∗∫

∞

0
𝛽𝑘(𝑎)𝑥∗𝑘,𝛼𝑘(𝑎)

||||||𝑔
(
Φ𝑘
𝜉
(𝑧)(𝑎)∫ ∞

0 𝛽𝑘(𝜁)𝑥
∗
𝑘,𝛼𝑘

(𝜁)𝑑𝜁

𝑥∗
𝑘,𝛼𝑘

(𝑎)∫ ∞
0 𝛽𝑘(𝜁)Φ

𝑘
𝜉
(𝑧)(𝜁)𝑑𝜁

)

−𝑔

(
Φ𝑘
𝜉
(𝑤(𝑚))(𝑎)∫ ∞

0 𝛽𝑘(𝜁)𝑥
∗
𝑘,𝛼𝑘

(𝜁)𝑑𝜁

𝑥∗
𝑘,𝛼𝑘

(𝑎)∫ ∞
0 𝛽𝑘(𝜁)Φ

𝑘
𝜉
(𝑤(𝑚))(𝜁)𝑑𝜁

)||||||𝑑𝑎
≤ sup
𝜉∈[0,𝑠]

∑
𝑘∈ ∗∫

∞

0
𝛽𝑘(𝑎)𝑥∗𝑘,𝛼𝑘

||||||
Φ𝑘
𝜉
(𝑤(𝑚))(𝑎)∫ ∞

0 𝛽𝑘(𝜁)𝑥
∗
𝑘,𝛼𝑘

(𝜁)𝑑𝜁

𝑥∗
𝑘,𝛼𝑘

(𝑎)∫ ∞
0 𝛽𝑘(𝜁)Φ

𝑘
𝜉
(𝑤(𝑚))(𝜁)𝑑𝜁

−
Φ𝑘
𝜉
(𝑧)(𝑎)∫ ∞

0 𝛽𝑘(𝜁)𝑥
∗
𝑘,𝛼𝑘

(𝜁)𝑑𝜁

𝑥∗
𝑘,𝛼𝑘

(𝑎)∫ ∞
0 𝛽𝑘(𝜁)Φ

𝑘
𝜉
(𝑧)(𝜁)𝑑𝜁

||||||𝑑𝑎
× 𝑡𝑆∗

𝜎1

(
1 +

(Λ + 𝜀𝜇0)||𝛽𝑘||𝐿∞𝜇𝑆(0,𝑘 − 1)𝑆∗
1𝛼𝑘

𝑐𝑟𝑘𝜇0

)

≤ sup
𝜉∈[0,𝑠]

∑
𝑘∈ ∗

(
∫

∞

0
𝛽𝑘(𝜁)𝑥∗𝑘,𝛼𝑘(𝜁)𝑑𝜁

)
∫

∞

0
𝛽𝑘

||||||
Φ𝑘
𝜉
(𝑤(𝑚))(𝑎)

∫ ∞
0 𝛽𝑘(𝜁)Φ

𝑘
𝜉
(𝑤(𝑚))(𝜁)𝑑𝜁

−
Φ𝑘
𝜉
(𝑧)(𝑎)

∫ ∞
0 𝛽𝑘(𝜁)Φ

𝑘
𝜉
(𝑧)(𝜁)𝑑𝜁

||||||𝑑𝑎
× 𝑡𝑆∗

𝜎1

(
1 +

(Λ + 𝜀𝜇0)||𝛽𝑘||𝐿∞𝜇𝑆(0,𝑘 − 1)𝑆∗
1𝛼𝑘

𝑐𝑟𝑘𝜇0

)

≤ 𝑡∑
𝑘∈ ∗

(||𝜀𝛽𝑘||𝐿∞

𝑐𝑘
+

Λ𝜀||𝛽𝑘||2𝐿∞

𝜇0𝑐𝑘(𝑐𝑘 − 𝜀||𝛽𝑘||𝐿∞)

)(
1 +

(Λ + 𝜀𝜇0)||𝛽𝑘||𝐿∞𝜇𝑆(0,𝑘 − 1)𝑆∗
1𝛼𝑘

𝑐𝑟𝑘𝜇0

)
=∶ 𝜅7(𝜀).

Finally, from Equation (43), we deduce that

𝑠(𝑧) ≤ 2
7∑
𝑗=1
𝜅𝑗(𝜀) −−−−→

𝜀→0
0

uniformly in 𝑠 ∈ [0, 𝑡]. We thus get 𝑠(𝑧) = 0 and then (42) is satisfied for any 𝑠 ∈ [0, 𝑡]. Also, since 𝑡 ≥ 0 was taken
arbitrarily then (34, 35) hold for any 𝑡 ≥ 0 whence 𝐿𝛼1,…,𝛼𝜎1

1 is a Lyapunov function on every complete orbit 𝛾(𝑧) for
any 𝑧 ∈ 𝐾 which proves the second point.

This proves the second part of the second item of Theorem 2.5.
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3.2.3 | Computation of the Global Attractor and Conclusion

Here we prove that 0 is reduced to the set ∗
1 . We first need to state the following result.

Lemma 3.5. Let  ⊂ ⟦1, 𝜎1⟧ with  ≠ ∅. Let

𝑧 ∈

(⋂
𝑗∈

𝑗
)

∩

( ⋂
𝑗∈⟦1,𝜎1⟧⧵ 𝜕𝑗

)

and let

𝛾(𝑧) = {𝜙(𝑡), 𝑡 ∈ ℝ} ⊂

(⋂
𝑗∈

𝑗
)

∩

( ⋂
𝑗∈⟦1,𝜎1⟧⧵ 𝜕𝑗

)

be a complete orbit through 𝑧. Let (𝛼1,… , 𝛼𝜎1
) ∈ [0, 1]𝜎1 such that

∑𝜎1
𝑗=1𝛼𝑗 = 1 and with 𝛼𝑗 = 0 for every 𝑗 ∈ ⟦1, 𝜎1⟧ ⧵  and

𝛼𝑗 > 0 for every 𝑗 ∈  . Then the functional 𝐿𝛼1,…,𝛼𝜎1
𝑘

defined by (14) is a Lyapunov functional on the complete orbit 𝛾(𝑧) and
for each (𝑡, 𝑣) ∈ ℝ∗

+ × 𝛾(𝑧), the time derivative of 𝑡 ↦ 𝐿
𝛼1,…,𝛼𝜎1
𝑘

(Φ𝑡(𝑣)) is given by (34), with  ∗ =  . If moreover 𝐿𝛼1,…,𝛼𝜎1
𝑘

is
constant on 𝛾(𝑧) then 𝛾(𝑣) ⊂ ∗

1, that is defined by (15). In particular 𝑣 ∈ ∗
1, .

Proof. The first part of the Lemma simply results from Section 3.2.2. For the second part (when the Lyapunov functional
is constant on 𝛾(𝑧)), the computations are similar to those in the proof of Lemma 3.4 (second item). ◽

We first know that ∗
1 ⊂ 0 since ∗

1 is an invariant set that belongs to 0. Let 𝑧 ∈ 0. By invariance of 0, let 𝛾(𝑧) =
{𝜙(𝑡), 𝑡 ∈ ℝ} ⊂ 0 be a complete orbit through 𝑧. We denote by  ⊂ ⟦1, 𝜎1⟧ the (non-empty) set such that

𝑧 ∈

(⋂
𝑘∈

𝑘
)

∩

( ⋂
𝑘∈⟦1,𝜎1⟧⧵ 𝜕𝑘

)
=∶ 𝐾.

Then we have 𝜙(𝑡) ∈ 𝐾 for every 𝑡 ∈ ℝ by positive invariance of each set 𝑘 and 𝜕𝑘. Let (𝛼1,… , 𝛼𝜎1
) ∈ [0, 1]𝜎1 such that∑𝜎1

𝑗=1𝛼𝑗 = 1 and with 𝛼𝑗 = 0 for every 𝑗 ∈ ⟦1, 𝜎1⟧ ⧵  and 𝛼𝑗 > 0 for every 𝑗 ∈  . From Lemma 3.5, we know that𝐿𝛼1,…,𝛼𝜎1
1

defined by (14) is a Lyapunov functional on 𝛾(𝑧). Using [18], Proposition 2.51 p. 53 we deduce that the function 𝐿𝛼1,…,𝛼𝜎1
1

is constant on 𝛼(𝜙) hence on each complete orbit of 𝛼(𝜙). By Lemma 3.5, we deduce that 𝛼(𝜙) ⊂ ∗
1, . Similarly we get

𝜔(𝑧) ⊂ ∗
1, . It follows that

lim
𝑡→−∞

𝑑(𝜙(𝑡), ∗
1, ) = lim

𝑡→+∞
𝑑(𝜙(𝑡), ∗

1, ) = 0

with lim𝑡→−∞ 𝐿
𝛼1,…,𝛼𝜎1
1 (𝜙(𝑡)) ≥ 𝐿𝛼1,…,𝛼𝜎1

1 (𝑧) ≥ lim𝑡→+∞ 𝐿
𝛼1,…,𝛼𝜎1
1 (𝜙(𝑡)). Now, we apply the same arguments as those used in

Section 3.2.1, point 3.(ii). We just need to consider 𝑘 = 1 and use Lemma 3.5 instead of Lemma 3.4. This allows us to first
prove the existence of (𝐸∗,1

𝜏1,…,𝜏𝑛
, 𝐸∗,1

𝜔1,…,𝜔𝑛
) ∈ (∗

1, )2 such that (27) holds (see Step 3), so that 𝛾(𝑧) is either a heteroclinic or
homoclinic orbit. Then we prove that

𝐸∗,1
𝜏1,…,𝜏𝑛

= 𝐸∗,1
𝜔1,…,𝜔𝑛

(see Step 4) so that 𝛾(𝑧) is actually a homoclinic orbit. Recalling that𝐿𝛼1,…,𝛼𝜎1
1 is a Lyapunov functional on 𝛾(𝑧), we deduce

that 𝐿𝛼1,…,𝛼𝜎1
1 is constant on 𝛾(𝑧) and by Lemma 3.5 we get 𝛾(𝑧) ⊂ ∗

1, and in particular 𝑧 ∈ ∗
1 . In conclusion 0 = ∗

1
which proves that the set ∗

1 is GAS in 0 = ∪𝜎1
𝑘=1𝑘.

This proves the first statement of the second point of Theorem 2.5 for 𝑘 = 1. The rest of the second point readily follows
since each set 𝜕𝑗 is positively invariant. Consequently, Theorem 2.5 is proved.

4 | Discussion

In this work, we have shown that in the infection-age-structured competitive model (1) between 𝑛 species, the competitive
exclusion principle still holds in the case where the maximal basic reproduction number is not necessarily unique. This
extends the results of [5] and provides a complete characterization of the asymptotic behavior for an arbitrary number of
populations, regardless of the basic reproduction numbers.
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Consequently, the coexistence of populations from multiple species is now mathematically characterized, as numerically
illustrated in Reference [5], though this coexistence seems in practice hard to obtain since the populations need to have the
exact same 0. However, one question remains: In the case of coexistence, an infinite number of equilibria exist (namely
the set ∗

𝑘
), so how can we determine which equilibrium the solution will converge to? For ODE models, the equilibrium

is given explicitly by the initial conditions (see [9–11]).
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